MOTIVES WITH EXCEPTIONAL GALOIS GROUPS 
AND THE INVERSE GALOIS PROBLEM 



ZHIWEI YUN 

Abstract. We construct motivic £-adic representations of Gal(Q/Q) into exceptional groups of type 
E-?,E$ and G2 whose image is Zariski dense. This answers a question of Serre. The construction is 
uniform for these groups and uses the Langlands correspondence for function fields. As an application, 
we solve new cases of the inverse Galois problem: the finite simple groups Eg(¥i) are Galois groups over 
Q for large enough primes I. 
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1. Introduction 

1.1. Serre's question. About two decades ago, Serre raised the following question which he described 
as "plus hasardeuse" (English translation: more risky): 

1.1.1. Question (Serre [S94, Section 8.8]). Is there a motive M (over a number field) such that its motivic 
Galois group is a simple group of exceptional type G2 or Eg ? 

The purpose of this paper is to give an affirmative answer to a variant of Serre's question for Ey, Eg 
and G2. 

1.1.2. Motivic Galois groups. Let us briefly recall the notion of the motivic Galois group, following S94, 
Section 1 and 2], Let k and L be number fields. Let Motfc(L) be the category of motives over k with 
coefficients in L. This is an abelian category obtained by formally adjoining direct summands of smooth 
projective varieties over k cut out by correspondences with i-cocfficicnts. Assuming the Standard Conjec- 
tures, the category Motfc(L) becomes a neutral L- linear Tannakian category: it admits a tensor structure 
and a fiber functor ui into Vec^, the tensor category of L- vector spaces. For example, one may take ui to be 
the singular cohomology of the underlying analytic spaces (fix an embedding k <—t C) with L-cocfficients. 
By Tannakian formalism DM82], such a structure gives a group scheme G^ ot over L as the group of 
tensor automorphisms of ui. This is the motivic Galois group of k. 

Any motive M £ Motfc(L) generates a Tannakian subcategory Mot(M) of Motfe(L). Tannakian formal- 
ism again gives a group scheme G^ ot over L, the group of tensor automorphisms of uj | Mot(Af) ■ This is the 
motivic Galois group of M. 

Of course Serre's question could be asked for other exceptional types. Although people hoped for an 
affirmative answer to Serre's question, the difficulty in constructing such motives lies in the fact that 
one cannot find motives with exceptional Galois groups within abelian varieties, nor do we have Shimura 
varieties of type Eg, F4 or G2. 

1.1.3. Motivic Galois representations. Let £ be a prime number. Fix an embedding L <—t QL where Q' e is 
a finite extension of Q^. For a motive M £ Motfc(L), we have the t-adic realization H(M,Q' e ) which is a 
continuous Gal(fc/fc)-module. 

Let V be a finite dimensional Q^-vector space. A continuous representation p : G&\(k/k) — > GL(V) is 
called motivic if there exists a motive M £ Motfc(Q) such that V is isomorphic to H(M, Qi) as Gal(fe/fc)- 
modules. It is called potentially motivic, if there exists a finite extension k' /k, a finite extension Q^/Q^, 
a number field L C QJ and a motive M £ Motfc/(L) such that V <8)q { Q' e is isomorphic to H(M, Q' e ) as 
Q^[Gal(fc/fc')]-niodules. 

Let G be a reductive algebraic group over Q^. A continuous representation p : Gal(Q/Q) — > G(Qe) 
is called motivic (resp. potentially motivic) if for some faithful algebraic representation V of G, the 
composition Gal(Q/Q) A G(Qe) — > GL(V) is motivic (resp. potentially motivic). 

For a motive M £ Motfe(i) with £-adic realization H(M, Q^), we define the l-adic motivic Galois group 
of M to be the Zariski closure of the image of the representation pi,M '■ Gal(fc/fc) — > GL(H(M, Qi)). We 
denote the £-adic motivic Galois group of M by G l M , which is an algebraic group over Q e . It is expected 
(see (222 Section 3.2]) that G e M ^ G^ ot ® L Q e . 

1.2. Main results. We will answer Serre's question for ^-adic motivic Galois groups instead of the actual 
motivic Galois groups (whose existence depends on the Standard Conjectures anyway). 

1.2.1. Main Theorem. Let G be a split simple adjoint group of type Ef,Eg or G2. Let I be a prime 
number. Then there exists an integer N > 1 and a continuous representation 

p:Tri(Wl [1/2iN] -{Q,l,™})^G(Q e ) 

such that 
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(1) For each geometric point Specfc — > SpecZ[l/2£iV], the restriction of p to the geometric fiber Pj, — 
{0,1,00}; 

p fe :7ri(pi-{0,l,oo})^G(Q^) 

has Zariski dense image. 

(2) The restriction of p to a rational point x : SpccQ — > P 1 — {0, l,oo}; 

Px : Gal(Q/Q) -»■ G(Q t ) 

is either motivic (if G is of type Eg or G%) or potentially motivic (if G is of type E-j, in which 
case it becomes motivic if we restrict p x to Gal(Q/Q(i)) and extend <Qi to Qi(i), i — \J — 1 )■ 

(3) There exist infinitely many rational points {x\, X2, ■ ■ ■ } o/Pq — {0, 1, oo} such that p Xi are mutually 
non-isomorphic and all have Zariski dense image. 

1.2.2. Corollary. For G a simple adjoint group of type E-i^Eg or Gi over Q e , there exist infinitely many 
non-isomorphic motives M over Q (if G is of type Eg or Gi) or (if G is of type £7 ) whose l-adic 
motivic Galois groups are isomorphic to G. In particular, Serre's question for i-adic motivic Galois groups 
has an affirmative answer for E^,Eg and G2. 

1.2.3. A known case. In |DR10j . Dettweiler and Reiter constructed a rigid rank 7 local system on P 1 — 
{0, l,oo} whose geometric monodromy is dense in G2. The restriction of this local system to a general 
rational points give motivic Galois representations whose image is dense in Gi- We believe that our 
construction gives the same local system as theirs (see remarks after Conjecture 14.6.31) . 

On the other hand, Gross and Savin |GS9 8 gave an approach to find a G2 motive in the cohomology 
of a Siegel modular variety. 

In [DRlOj . the authors consider the notion of motivic Galois groups in the category of motives with 
motivated cycles, a notion introduced by Andre |A96) . Using Andre's Theorem f [A96L Theorem 5.2 and 
Section 5.3], see also |DR1Q[ Theorem 3.2.1]), they show that their motives have motivic Galois groups of 
type G2 in the sense of Andre. We may apply the same argument to show that our motives also have the 
expected motivic Galois groups in the sense of Andre. We omit the details here. 

1.2.4. Application to the inverse Galois problem. The inverse Galois problem for Q asks whether every 
finite group can be realized as a Galois group of a finite Galois extension of Q. A lot of finite simple groups 
are proved to be Galois groups over Q, see |MM99j and |S92] . yet the problem is still open for many finite 
simple groups of Lie type. We will be concerned with finite simple groups G^i) and Eg{£), where £ is a 
prime. According to }MM99] Chapter II, §10], G2{£) is known to be a Galois group over Q for all primes 
£; however, E s (£) is known to be a Galois group over Q only for £ = ±3, ±7, ±9, ±10, ±11, ±12, ±13, ±14( 
mod 31). As an application of our main construction, we show 

1.2.5. Theorem. For sufficiently large prime I, the finite simple groups Eg(¥i) are Galois groups over Q. 

1.3. The case of type A\. The Main Theorem also holds if G = PGL2, and the construction in this case 
is easier to spell out. Let k — ¥ q be a finite field of characteristic not 2. The construction starts with an 
automorphic form of G = SL2. Let T C B C G be the diagonal torus and the upper triangular matrices. 
Let F = k(t) be the function field of T\ where A: is a finite field. For each place v of F, let O v , F v and k v 
be the corresponding completed local ring, local field and residue field. For each v, we have the Iwahori 
subgroup I„ C G(O v ) which is the preimage of B(k v ) C G(k v ) under the reduction map G(O v ) — > G(k v ). 

Let 7r = <S> v tt v be an irreducible automorphic representation of SL2(Aj?) satisfying the following condi- 
tions: 

• 7Ti and tTqo both contain a nonzero fixed vector under the Iwahori subgroup I„. 

• 7To contains a nonzero vector on which the Iwahori Io acts through the quadratic character p : 
I -> T(k) = k x -» {±1}. 

• For v =/: 0, 1 or 00, ir v is unramified. 

The following lemma can be proved by the same argument of Theorem 12.4.21 

1.3.1. Lemma. Suppose y— 1 € k, then such an automorphic representation it exist. 
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Langlands philosophy then predicts that there should be a tame PGL 2 ((Q>£)-local system on Pj.— {0, 1, oo} 
which has unipotent monodromy around the punctures 1 and oo, and monodromy of order 2 around the 
puncture 0. Methods from geometric Langlands theory allow us to write down this local system explicit 
as follows. 

1.3.2. The local system. We do not assume y/—T £ k. Consider the following family of genus 3 projective 
smooth curves / : C —> Fj. — {0, 1, oo}: 

At — 1 

(i.i) ^■■y 4 -x^ T y a e p^ - { o,i,oo } . 

Let Q' e = Qi(y/^T). The group ^4 acts on the local system R 1 /**^- Let k! — k(V—l)- Let x '■ t^i(k') — s- 
Q' f x be a character of order 4. Over P^, — {0, 1, 00}, we may decompose R 1 /*^ according to the action 
of /i4(fc') = fJ>i(k): 

(R 1 /*Q^)fc' = Lsgn ®L X ® %. 

Here i sgn , L x and L x are rank two local system defined on P^, — {0, 1, 00}. In fact L sgn interpolates the H 1 
of the Legendre family of elliptic curves. By Katz's results on the local monodromy of middle convolutions, 
one can show0 that the local geometric monodromy of both L x and L x at 0, 1 and 00 are conjugate to 

~ \ / 1 1 \ / 1 1 



'"' " 1 -V=l ^ 1 )'^°° v 1 

The PGL2(Q>£) = S03((Q^)-local systems Sym 2 (L x )(l) and Sym 2 (L x )(l) are canonically isomorphic, and 
they descend to (isomorphic) PGL2(Q£)-local systems on Y\ — {0, 1, 00}. This is the local system predicted 
by the Langlands correspondence. Moreover, one can argue that this PGL2(Q^) local system comes from 
a PGL2(Q^)-local system via extension of coefficient fields. 

1.3.3. Switching to Q. Note that the above construction makes perfect sense if we replace the finite field 
k by any field of characteristic not equal to 2, and in particular Q. The resulting PGL2-local system 
Sym 2 (L x )(l) over Pq — {0, 1, 00} is output of our Main Theorem in the case of type A\. This local system 

is visibly potentially motivic because it is part of the H 1 of the family of curves (|1.1|) cut out by the 
/i4-action. 

1.4. The motives. Let G be a split simply-connected group of type E7, E$ or G2, defined over Q. Let G 
be its Langlands dual group defined over Qi. 

Let a v be the coroot of G corresponding to the maximal root a. Let V qm := V a v be the irreducible 
representation of G with highest weight a v , which we call the quasi-minuscule representation of G. This 
is either the adjoint representation (if G is of type £7 or E&) or the 7-dimensional representation if G is 
of type G2. For x £ Q — {0, 1}, let p qm be the composition 

pT ■ Gal(Q/Q) ^ G(Qt) -> GL(y qm ) 

where p x is as in Main Theorem (2). We will describe motivically. 

Let P be the "Heisenberg parabolic" subgroup of G containing T with roots {[3 £ $g|(/3, a v ) > 0}. 
The unipotent radical of P is a Heisenberg group whose center has Lie algebra g a , the highest root space. 
The contracted product gives a line bundle over the partial flag variety G/P: 

Y = Gxg* a 

which is a smooth variety over Q of dimension 2h v — 2. Here /i v is the dual Coxeter number of G, which 
is 18 for E7, 30 for Eg and 4 for G2. So the corresponding variety Y has dimension 34, 58 and 6 in the 
case E7, Eg, and G2 respectively. The more complicated part is that there is a divisor D x C Y depending 
algebraically on x. There is also a finite group scheme A over Q and an ^4-torsor 

(1.2) Y X ->Y-D X . 



^This is communicated to the author by N.Katz 
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The group scheme A is well-known to experts in real Lie groups, and will be recalled in Section 12.31 It is 
a central extension of /i£ by fi2, where r is the rank of G. Let Q^[-A(Q)] be group algebra of A(Q), and let 
Q£[A(Q)] dd be the subspace where the central fj,2 acts via the sign representation. 

Let A^> := A x A/A(fi2), where A(/i2) means the diagonal copy of the central /i2- Left and right 
multiplication and Galois action gives an A( 2 )(Q) * Gal(Q/Q)-action on j4(Q), and hence on the odd part 
of the group algebra QL4(Q)] dd- 

We will see there is in fact an A^-action on Y a , such that the action of the first copy of A gives the 
torsor (11.21) . Consider the middle dimensional cohomology ~ 2 (Y x ,Qg). We take its direct summand 
jj2h -2(Y XJ (Q^) dd where the central \in of A^ acts via the sign representation. Then there is an A^ (Q) x 
Gal(Q/Q)-equivariant isomorphism 

Hf V - 2 (?,,Q£)odd(^ v - 1) = pT ® Qe[A(Q)] odd . 
Here (h v — 1) means Tate twist. This gives a motivic description of p^ m . 

1.5. The general construction. In the many body of the paper, we work with a simply-connected 
almost simple split group G over a field k with char(fc) ^ 2. We assume G to satisfy two conditions 

(1) The longest element in the Weyl group of G acts by —1 on the Cartan subalgebra. 

(2) G is oddly-laced: i.e., the ratio between the square lengths of long roots and short roots of G is 
odd. 

By the Dynkin diagram classification, the above conditions are equivalent to 

G is of type Ai,D 2n ,E 7 , E s or G 2 . 

Our goal is to construct G(Qf)-local systems over F\ — {0, l,oo}, where G is the Langlands dual group 
of G. For all the above G, G is the split adjoint group over Qg which is of the same type as G. Our 
construction again starts with an automorphic representation of G. 

Step I. Let F = k(t) be the function field of P^, where k is a finite field. We start with a set of local 
conditions that we want an automorphic representation 7r = (^>' ue |jn| tt v of G(Ap) to satisfy. For each place 
v, let F v be the corresponding local field, then n v is an irreducible admissible representation of G(F V ). 
The conditions we will consider are 

• 7Ti has a nonzero fixed vector under the Iwahori Ii C G(Fi); 

• 7TQO has a nonzero fixed vector under the parahoric Poo C G(Foo); 

• 7To has an eigenvector under which Pq C G(Fq) acts through a nontrivial quadratic character 

• 7r is unramified away from the places 0, 1, oo. 

The parahoric subgroup Po is constructed from the element — 1 € W under the correspondence of Gross, 
Reeder and Yu [GRYllj . Its reductive quotient admits a unique nontrivial quadratic character /i. The 
parahoric Poo has the same type as Po- For details, we refer to Section [2. 1.31 and 12. 1.41 
Step II. Show that such automorphic representations do exist and are very limited in number. This part 
of the argument relies on a detailed study of the structure of the double coset 

(1.3) G{F)\G{A F )/ J P x Ii x Poo x [] G(O v ) J . 
Up to making a finite extension of k, we have 

(1.4) m(7r)dim4 Po ' M) dim7r;£r = #ZG. 

7ras above 

Here, m(7r) is the multiplicity of tt in the automorphic spectrum, 7Tq P °''^ is the /x-eigenspace under Po, 
and ZG is the center of G. Note that the central character of it has to be trivial, so the multiplicity #^G 
in the above formula is not the contribution from different central characters. 
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Neither Step I nor Step II actually appear in the main body of the paper. We start directly with a 
geometric reinterpretation of the previous two steps, which makes sense for any field k with char(/c) ^ 2. 
Step III. We interpret the double coset (jl.3l) as the fc-points of a moduli stack Bunc(Po, Ii, Poo): the 
moduli stack of principal G-bundles over P 1 with three level structures at 0, 1 and oo as specified by the 
parahoric subgroups. In fact we will consider a variant Bun = Bung(Po, Ii, Poo) of this moduli stack to 
accommodate the quadratic character p. These moduli stacks are defined in Section 12.21 Automorphic 
functions on the double coset (modified by the character p) are upgraded to "odd" sheaves on Bun, which 
are studied in Section 12.41 Theorem 12.4.21 is crucial in understanding the structure of such odd sheaves: 
they correspond to representations of the finite group A we mentioned before. 

Step IV. We take an irreducible odd sheaf T on Bun, and apply geometric Hcckc operators to it. A 
geometric Hecke operator T(/C, — ) is a geometric analog of an integral transformation, which depends on 
a "kernel function" JC. The kernel JC is an object in the "Satake category", which is equivalent to the 
category of algebraic representations of G. The resulting sheaf T(/C, J 7 ) is over Bun x (P 1 — {0,1, oo}). 
In Theorem I3.2.2f 1). we prove that T is an eigen object under geometric Hecke operators: every Hecke 
operator T(/C, — ) transforms J 7 to a sheaf T K £(JC) on Bun x P 1 — {0, l,oo}, with £(JC) a local system 
on P 1 — {0,1, oo}. The collection {£(JC)}ic forms a tensor functor from the Satake category (which is 
equivalent to Rep(G)) to the category of local systems on P 1 — {0, l,oo}, and gives the desired G-local 
system £ on P 1 — {0, 1, oo}. 

We see that the local system £ depends on the odd sheaf T . In fact there are exactly #ZG odd central 
characters \ °f ^ each giving a unique irreducible representation V x of A. Each V x gives an odd sheaf 
T x on Bun, and hence a G-local system £ x . 

Step V. When k = Q, the previous step gives a G(Q e )-\oc&\ system on either Pq — {0, l,oo} or Pq^) — 
{0, 1, oo} depending on whether the central character \ can be defined rationally or not. We need to apply 
two descent arguments. First we descend £ x from — {0, l,oo} to Pq — {0, l,oo}, which is stated in 

Theorem 13. 2. 2f 2) and proved in Section f3. 4. 51 Next we descend the coefficient field from Q e to Qg, which 
is stated in Theorem 13.2.2( 3) and proved in Section f3. 4. 61 For reader who does not care much about the 
rationality issues, this step can be ignored. 

Step VI. Finally in Proposition 13 . 2 .81 we extend the local system £ x from Pq — {0, l,oo} to Pz[i/2iN] 
'<(). 1, oo}, such that its restriction along Pj — {0, 1, oo} is the same as £ x ,w p we constructed using the base 
field P p . 

1.5.1. We indicate where the main results are proved. 

• For k an algebraically closed field, the density of the image of pk is proved in Theorem 14. 3. 1[ whose 
proof depends on detailed analysis of local monodromy in Section 14.21 

• The fact that p x is motivic or potentially motivic is proved in Proposition 13 . 3 .31 

• To see there exists a rational number x such that p x has dense image, we only need to use a 
variant of Hilbert irreducibility |T85| Theorem 2]. However, in Corollary 14.4.21 we prove a more 
effective result: it gives sufficient conditions for p x to have dense image, and also proves there are 
infinitely non- isomorphic p x s. The proof relies on a general property of Galois representations 
given in Proposition 14.4. 1"! 

• The application to the inverse Galois problem (Thcorcm ll.2.51) is given in Section [4~5l 

1.6. Conjectures and generalizations. In Section [4~6l we list some conjectural properties about the 
local and global monodromy of the local systems we construct. It is also possible to determine the Hodge 
structure carried by the Betti realization of our local systems. 

Groups without —1 in their Weyl groups are not treated in this paper, but they can be treated in a 
similar way by adding a twisting. Instead of working with the constant group scheme G x P 1 , we can work 
with a quasi-split form of it which splits over the double covering P 1 — > P 1 ramified at and oo, with the 
twisting given by the involution in Out(G). Modifying the construction in this paper properly, we expect 
to get G xi Out(G)-local systems on P 1 — {0, l,oo}. In particular, we expect to realize Eq as a motivic 
Galois group in this way. 
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2. The automorphic sheaves 

Throughout the paper, k is a field with char(fc) ^ 2. Let t be a prime number different from char(/c). 
Spaces without subscripts are defined over k. 

2.1. Group-theoretic data. 

2.1.1. The group G. Let G be a split almost simple simply-connected group over k. We fix a maximal 
torus T of G and a Borel B containing it. Therefore we get a based root system Aq C $g C X*(T) (where 
<&G stands for roots and Aq for simple roots) and a Weyl group W. We make the following assumption 

(2.1) Assume the longest element in W acts as -1 on X*(T). 

This means G is of type A±, B n , C n , Din-, E7, Eg, F4 or G2. 

2.1.2. Loop group. We partially follow the notations of [PRIM Section 1 and 2], Let LG be the loop group 
associated to G: it represents the functor R i-» G(R((t))) where R is any A:-algebra and t is a formal 
variable. Similarly we define the group of positive loops L + G : R H> G(i?[[i]]). In practice, we have a 
smooth curve and we denote its completion at a fc-point x by O x , which is isomorphic to k[[t]] but not 
canonically so. Let F x be the field of fractions of O x . We define L+G (resp. L X G) to be the group (ind- 
)scheme over the residue field k{x) representing the functor R i-> G(R(E>k( x )O x ) (resp. R n- G(R<S>k(x)Fx))- 

2.1.3. Parahoric subgroups. By Bruhat-Tits theory, for each facet a in the Bruhat-Tits building *B of 
G(fc((i))), there is a smooth group scheme V a over k[[t]\ with connected fibers whose generic fiber is 
G x spcc^ Spec/c((i)). We call such V a a Bruhat-Tits group scheme. Let P a be the group scheme over 
k representing the functor R M> 7 , (i?[[t]]). This is a pro-algebraic subgroup of LG, called a parahoric 
subgroup. The conjugacy classes of parahoric subgroups of LG are classified by proper subsets of the 
nodes of the affine Dynkin diagram of G. 

The group L + G is a particular parahoric subgroup of LG, corresponding to the Bruhat-Tits group 
scheme Q = G x Specfc [[£]]. The Borel B c G gives another parahoric subgroup called an Iwahori 
subgroup I C L + G C LG: I represents the functor R H> {g G G(R[[t]]);g mod t G B(R)}. 

In [GRYllj . Gross, Reeder and Yu define a map from regular elliptic conjugacy classes of W to certain 
conjugacy classes of parahoric subgroups of LG. In particular, the longest element — 1 G W corresponds 
to a parahoric subgroup P of LG, which we assume to contain the Iwahori subgroup I. Here is an explicit 
description of their correspondence in this special case. Recall the maximal torus T gives an apartment 
2l(T) in the building 03, which is a torsor under X, (T) ® M.. The parahoric subgroup L + G corresponds to 
a facet which is a point in 2t(T). Using this point as the origin, we may identify 2l(T) with X*(T) ® R. 
Let p v be half of the sum of positive coroots of G, which is a vector in X* (T) £g) R. Hence we may view 
t;/9 v G 2l(T), which lies in a unique facet a, and determines a parahoric subgroup P a . This is the parahoric 
P we shall consider. 

2.1.4. The symmetric subgroup. Let K be the maximal reductive quotient of P. This is a connected split 
reductive group over k. Since P is defined using a facet in the apartment 2l(T), K contains T as a maximal 
torus. The root system <&k C X*(T) of K is then a sub-root system of $g- A root a G $g belongs to $x 
if and only if there is an affine root a + nS (n G Z, 6 is the imaginary root) vanishing at \p J , i.e., if and 
only if (p v , a) is an even integer. Let G ad be the adjoint form of G with maximal torus T ad = T/ZG and 
note that p v G X*(T ad ), hence we have an element p v (— 1) G G ad (fc) of order at most 2. This is a spZii 
Cartan involution of G, as we shall see in Section 12.5.21 By identifying the root system, we have 

K = G pW{ - 1) . 

The Dynkin diagram of K is obtained from the affine Dynkin diagram of G by removing either one node 
(if G is not of type A\ or G„), or two extremal nodes (if G is of type A\ or C n ), and all the adjacent edges. 
We tabulate the types of K in each case: 
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lype oi (_r 


lypc 01 i\ 


A 




&2n 


±> n x 


B211+I 


-B„ x D n+1 


C n 


A n ~\ x G m 


D 2 n 


D n x D n 


E 7 


^7 


E 8 


^8 


Fi 


Ai x G 3 


G 2 


x Ax 



Note that if A; = K., then if has the same type as a maximal compact subgroup of the split real group 
G(M). 

We analyze how far if is from being simply-connected. 
2.1.5. Lemma. Let Z$^- C X*(T) be the coroot lattice of K. Then 

'z 



X„(T)/Z*£ S 



Z/2Z 



G is of type At or C„ 
otherwise 



Proof. When G is not of type A\ or C n , the simple roots of if are A^- = (A\{a'}) U {— 9}, where 9 is the 
highest root of G and a' is the node we remove from the affine Dynkin diagram of G. Hence the coroot 
lattice of if is spanned by the simple coroots a v of G with the only exception a' v , which is replaced by 
9 V . We write 9 V = J2aeA G c(a)a v , then we have a canonical isomorphism 

X*(T)/Z$£ Z/c(a')Z. 

By examining all the Dynkin diagrams, we find c(a') is always equal to 2. 

If G is of type A\ or G n , then if = GL„ has fundamental group Z. □ 

2.1.6. Canonical double covering. In all cases, there is a canonical double covering 

1 -> A*2 ->• ^ ->• ^ ->• 1 

with if a connected reductive group. To emphasize we denote ker(if — > if) by /ijf 51 . When G is noi of 
type A\ or G„, if is the simply-connected form of if. 

2.2. Moduli stacks. 

2.2.1. Moduli of bundles with parahoric level structures. Fix a set of fc-points S C P 1 (fc). For each i£S, 
fix a parahoric subgroup P x c £ X G. Generalizing the definition in |Y111 Section 4.2], we can define the 
an algebraic stack Bung (P^; 2; € S) classifying G-torsors on P 1 with P^-level structures at x (in [Ylll 
Section 4.2] we only considered the case 5 is a singleton, but the construction obviously generalizes to the 
case of multiple points). 

Let Po C LqG be a parahoric subgroup of type P defined in Section I2.1.3) such that Po contains the 
standard Iwahori subgroup Io defined by B. At 00 g P 1 , let I^ p C L^G be the Iwahori sub group defined 
by the Borel i?°PP d T opposite to B. Let P M C L^G be the parahoric subgroup of type P such that 
Poo Z> Io^ p - The maximal reduction quotients of Po and Poo are denoted by ifo and if 00, which are both 
canonically isomorphic to the symmetric subgroup if of G. We study the moduli stack Bunc(Po, Poo) in 
this section. 

2.2.2. Birkhoff decomposition. Let T-V be the trivial G-torsor over A 1 together with the tautological Pq- 
level structure at 0. Let r be the group ind-scheme of automorphisms of V^: for any fc-algebra R, 
r (i?) = Aut A i (P A i ). Recall from [HNY101 Proposition 1.1] (where the Iwahori version was stated; our 
parahoric situation follows easily from the Iwahori version) that we have an isomorphism of stacks 

r \ J LooG/P O o 4 Bun G (P ,Poo). 
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Moreover, we have the Birkhoff decomposition 

(2.2) G(k) = [J roffcJiJPoc®. 

W K \W/W K 

Here is the affine Weyl group of G. In (|2.2p . every double coset w; G Wk\W /Wk represents a fc-point 
Vw G Bunc(Po, Poo), which is given by gluing with the parahoric subgroup Ad(w)Poo of L^G. The 
automorphism group of Vw is To n Ad(w)Po (as a subgroup of LooG). 

In particular, the unit coset 1 G Wk\W /Wk corresponds to a point * = Vo G Bunc(Po, Poo), which 
the trivial G-torsor on P 1 with tautological Po and Poo-level structures. The automorphism group of 
■k is Tq fl Poo, which maps isomorphically to both Kq and K^. Hence we get an embedding {*}/K 
Bun G (P ,Poo). 

2.2.3. Lemma. TTie embedding jo ■ MK = {*}/K Bunc(Po,Poo) is open and affine. 

Proof. Let d = dim G and let Bun^ denote the moduli stack of rank d vector bundles on P 1 . We have a 
natural morphism 

(2.3) Ad+ : Bun G (P , Poo) ^ Bun d 

defined as follows. Fix an affine coordinate ton A 1 . According to the definition of parahoric level structures 
in |Y11| Section 4.2], an object (V,Vp ,Vp x ) G Bunc(P, Poo)(-R) (R is a locally noetherian /c-algebra) is 
a G-torsor V together with a Po-reduction Vp of V\s pe cR((t)) ( viewed as an LoG-torsor over Speci?) and 
a Poo-reduction Vp x of ■p|s pec _R((t- 1 )) (viewed as an L^G-torsor over Speci?). Let Pq = ker(P — > Kq). 
From (VjVpf^Vp^), we get an i?[[i]]-submodule Ad + (Vp ) C Ad(7 3 )|s P cc_R((t)) (associated to the adjoint 
action of Po on LieP^) and an i?[[i -1 ]]-submodule Ad(7'p 00 ) C Ad(7 , |s pec jj(( t -i))) (associated to the 
adjoint action of Poo on LiePoo)- We may glue these two modules with the adjoint bundle Ad("P)|G,„ R to 
get a vector bundle Ad + (7 , ,'Pp ,'Pp oo ) G Bund(i?). This finishes the definition of the morphism (|2.3|) . 

Alternatively, Ad + ("Pp ) and Ad(V)\G m R glue to give a vector bundle on A)j, whose global sections 
form an i?[i]-submodule A of the R[t, ^-module r(G m>fl , Ad(V)); AdfP Poo ) and Ad(V)\ Gm R glue to 
give a vector bundle on f R — {oo}, whose global sections form an i?[t _1 ] submodule Aqo of r(G mj _R, Ad(V)). 
We therefore get a natural homomorphism 

(2.4) A eA oo ->r(G m ,fl,Ad(P)). 

We may view this as a two-term complex K-p placed at degree and 1. The cohomology of this complex 
iP(K-p) computes the (Cech) cohomology IT0P 1 , Ad (V, Vp ,Vp xl )). From the explicit description of the 
points Vq, G Buiig(Po, Poo), one easily sees that if R is an algebraically closed field, ('P,'Pp ,'Pp oo ) is 
isomorphic to the trivial object Vo if and only if (12.41) is injective, in which case it is also an isomorphism. 
For an arbitrary base i?, (7- > ,'Pp ,'Pp oo ) is in the image of jo if and only if its base change to every 
geometric fiber is isomorphic to Vo, which is then equivalent to saying that (|2.4I) is an isomorphism, i.e., 
H^P 1 , Ad + (V,V P Vp )) = for all *. 

As remarked in HNYlOj Proof of Corollary 1(1) for GLJ, the only vector bundle on P 1 of rank d with 
trivial cohomology is the bundle 0{— l)® d , which is cut out by the non-vanishing of a section of the inverse 
of the determinant line bundle on Bun^. As discussed above, we have a 2-Cartesian diagram 

(2.5) ^Bun G (P ,Poo) 

Ad+ 

" 

{G(-l)® d }/GL rf ci^ _ Bun GLd 



where the embedding j'gl is affine because it is given by the non- vanishing of a section of a line bundle. 
Hence jo is also affine. □ 
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2.2.4. A variant. Let P = Po Xko Koi where K n is the canonical double cover of K as in Section B.l.Gl 
We would like to define the moduli stack Bun G (Po, Poo)- We need to explain what we mean by Po-level 
structures since Po is not a subgroup of LqG. We may first form the moduli stack Bunc^P^ , Ii, Poo) 
where Pj = ker(Po — > Kq). Although Pq is not a parahoric subgroup of LqG, the definition in [Ylll 
Section 4.2] obviously extends to this situation. This is a ifo-torsor over Bun G (Po, Poo)- We define 
BunG(PoiPoo) as the quotient stack 

Bun G (Po,Poo) := [# \Bun G (P+ P^)] 

2.2.5. Level structure at three points. Let Ii C L\G be the Iwahori subgroup defined by B. We let 

Bun:=Bun G (Po,Ii,Poo). 
As above, we may first form the moduli stack Bun + := Bun G (P,|, Ii, Poo) and then define Bun as the 
quotient [if \Bun + ]. 

The preimage of * e Bun G (Po,Poo) in Bun + can be identified with the flag variety of f£ G of G, 
corresponding to all Borel reductions of the trivial G-torsor at t = 1. Therefore we have a canonical open 
embedding j+ : f£ G C Bun+, or ji : K\f£ G =-> Bun. By [S85l Corollary 4.3(i)], K acts on f£ G with 
finitely many orbits. Therefore there is a unique open i-T-orbit U C f£ G . We have open embeddings 

j : K\U C K\f£ G A Bun. 

2.2.6. A base point. We would like to fix a point uq £ U(k), and henceforth assume 

(2.6) The base field k is chosen such that U(k) ^= 0. 

We argue that this assumption is not too restrictive. Let U_ be the canonical model of U over Z[l/2] 
(obtained as the open if-orbit on f£g_, where K_ and G are split forms over Z[l/2]). Since J7q is a rational 
variety, its Q-points are Zariski dense. Therefore U_(Q) ^ 0. We fix uo € ££(Q), which then extends to a 
point u £ U_(Z[1/2Nq\) for some positive integer N n . 

From the above discussion, whenever char(fc) = or char(fc) does not divide 2Nq, the point u induces 
a point of U(k), so that the assumption (|2.6[) holds. We still denote this /c-point by uo- 

2.3. A central extension of a finite 2-group. The point uq fixed above gives a Borel subgroup Bq C G 
which is in the most general position with K. Let A = K n Bq be the stabilizer of uo under K . Projection 
to the Cartan quotient Bq — > Tq induces an isomorphism 

A = T [2}. 

Let A C A be the preimage of A in K. This is a finite group scheme over k, and it fits into an exact 
sequence 

(2.7) 1^ i4 er ^A^ A^l. 

Since A is a discrete group over k, we identify A with A(k) — A(k). However, A may not be a discrete 
group over k, so it is important to distinguish among A, A(k) and A(k). 

2.3.1. The structure of A(k). The discussion below works for any simply-connected almost simple G. Fix 
a pinning of G (including B and T we fixed before) and let 8 £ N G (T)(k) x Out(G) be a lifting of 
— 1 £ W x Out(G) (here Out(G) is the group of pinned automorphisms of G). Let K' = G 6 . Now the 
standard Borel B is in general position with K', so that A' := K' n B = T[2]. Let A' be the preimage 
of A' in K 1 . When —1 £ W, 9 is in fact conjugate to p v (— 1) over k because they are both split Cartan 
involutions (see Section 12 .5. 2 [) . Therefore K' is conjugate to K, and A'(k) = A(k). The structure of A'{k) 
is worked out in |ABPTV07] . Below we state the results for A(k) directly, although they are proved for 
A'(k) in |ABPTV07j . 

Associated to the central extension ()2.7[) there is a quadratic form 
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which assigns to a £ A the element a 2 € (^2, here a G A(k) is any lifting of a. Associated to this quadratic 
form there is a symplectic form (or, which amounts to the same in characteristic 2, a symmetric bilinear 
form) 

( v ):AxA->a£* 

defined by 

(a,b) = q(ab)q(a)q(b). 
The symplectic form may be computed by the commutator pairing 

(a, b) — aba~ 1 b~ 1 

where a, b £ -A(fc) are liftings of a and 6. 

On the coroot lattice A v = we have a unique M^-invariant symmetric bilinear form 

(•,•) :A v xA v ^Z 

such that (a v , a v ) = 2 if a v is a short coroot. Note that for types B n , C n and F&, (a v , a v ) = 4 if a v is a 
long coroot; for type G2, (a v ,a v ) = 6 if a v is a long coroot. 

2.3.2. Lemma. Let G be a split simply- connected almost simple group over k. Then 

(1) Identifying (the k-points of) A = Tq[2] with A V /2A V 7 we have 

(2.8) q(a) = (-l)( a ^)/ 2 e M | er , for a € A = A V /2A V . 

(2) Let A be the kernel of the symplectic form (■, ■). If G is oddly-laced or G 2 , then Aq — ZG[2]. 

Proof. (1) Our pairing (•, •) on A v is the same one as in [ABPTV071 Section 3]. The symplectic form (•,•) 
is determined by Matsumoto, see |ABPTV07l Equation (3.3)]: 

(2.9) (a v (-l),/3 v (-l)) = (-1)^-^), fortwocorootsa v ,/3 v . 

Also, A04 ( Theorem 1.6] says that a root a of G is metaplectic (which is equivalent to saying q(a v (— 1)) = 
—IS M2 Cr ) if an d only if a v is not a long coroot in type B n , C n and F4. Therefore, checking the coroot 
lengths under the pairing (■, ■), we find 

(2.10) q(a v (-l)) = (-1)(« v . qV )/ 2 for any coroot a v . 

The two identities (|2U)) and ((2~TU1) together imply ([2~5]) . 

(2) follows from |ABPTV071 Lemma 3.12] in which the base field was R, but clearly ZG(M) = ZG[2]. □ 

2.3.3. Odd (or genuine) representations of A(k). A representation V of A(k) is called odd or genuine, if 
//2° r acts via the sign representation on V. Let Irr(A(k)) dd be the set of irreducible odd representations 
of A(k). 

Recall A C A is the kernel of the pairing (•,•). The pairing descends to a nondegenerate symplectic 
form on A/Aq. Let Aq C A be the preimage of Aq. This is the center of A. We have a central extension 

1 ->■ A (k) l(fc) A/Ao 1 

whose commutator pairing A/A x A/A — > ^2 er is nondegenerate. Let ^4o(fc)odd the set of characters 
X '■ AQ{k) — > such that x| M kcr is the sign representation. By Stone- von Neumann theorem, for every 
odd central character x £ AQ(k)l dd , there is up to isomorphism a unique irreducible (^-representation V x 
of A(k) with central character x- Therefore we have a canonical a bijection 

Irr(A(fc)) odd ^ MWo dd- 

In particular, the number of irreducible objects in Rep(A, Q^) dd is #^4o(fc)odd = #^0- 
We tabulate the structure of Aq for oddly-laced groups: 
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Type of G 


A Q 


#Irr(^l(A;)) odd 


Es, G2 


M2 


1 




M4 


2 


Din 


i4 


4 


Din+2 


M4 x M2 


4 



2.4. Sheaves. 

2.4.1. Equivariant derived category. Since /ijf 31 = ker(_ftT — > ii") acts trivially on Bun + , an object in 
D b (Bun) = L>^(Bun+) is in particular a complex J- on Bun + together with an action of /Jf 31 • Therefore 
we have a decomposition 

£>^(Bun+) = £|.(Bun+) cvcn ® D b R (Bun+) odd 

according to whether ^ r acts trivially (the even part) or through the sign representation (the odd part). 
We then define 

£> b (Bun) odd := D b R {Bun+) odd . 

Similarly, we define D b ~(U) odd . 

2.4.2. Theorem. Assume that G is oddly-laced and — 1 € W (i.e., G is of type Ai,D2 n ,Er,Es or Gi)- 
Then the restriction junctor 

j* : D b (Bun) odd -> D b R (U) odd 
is an equivalence of categories with inverse equal to both j\ and j*. 

The proof of the theorem will occupy Section [231 If G is of type B n ,C n or F4, the statement in the 
above theorem does not hold. 

For the rest of the paper, we assume G is of type Ax, D2 n , £7, E$ or G2. 

Next we study the category Loc^(£/) od d, the abelian category of Q^-local systems on U which are 
equivariant under K and on which acts by the sign representation. 

2.4.3. Lemma. Consider the pro-finite group T = A(k) x Gal(fc/fc), where Gal(fc/fc) acts in the usual way 
on the k-points of the group scheme A. Restriction to the point uq (which was fixed in Section [2.2.6\) gives 
an equivalence of tensor categories 

u o : Loc if (C/) odd ^ Rep cont (r,Q £ ) odd 

where the right side denotes continuous finite- dimensional ^-representations ofT on which fj^ r acts by 
the sign representation. 

Proof. Since K acts on U transitively with stabilizer A at Uo, pullback to {uq} gives an equivalence of 
tensor categories 

Uo : Loc^([/) odd ^> Loc^(Spec/c) odd 

where the subscript odd on the right side refers to the action of /i| cr C A. 

An A- equivariant local system on Spec/c is first of all a lisse (Q^-sheaf on Specfc, which is the same as 
a continuous representation V of Gal(fc/fc). The A-equivariant structure becomes an A(/c)-action on V. 
The two actions are compatible in the sense that 

7 • /i • v = 7(/i) • 7 • v, for 7 £ Gal(fc/fc), /i € A(k),v G V. 

Therefore these two actions together give a continuous action of T = A(k) x Gal(fc//c) on V . The oddness 
condition on the local system is equivalent to that the action of C T is via the sign representation. □ 
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2.4.4. Representations of T . Let V x be the irreducible odd representation of A{k) with central character 

When G is of type Di ni E$ or G2, the group scheme Aq is a product of fJ-2's, hence Gal(fc/fe) acts trivially 
on Ao(k) and its group of characters. The A(k)-modu\e V x then extends to a T = A(k) x Gal(fc/fc)-module. 
In fact, Gal(fc/fc) acts on A{k) via some finite quotient T. For any 7 6 T, let 1 V X is the same space V x 
with a £ A(k) acting as 7(a) in the original action. Since the central characters of 1 V X is still x, there is 
an A(fc)-isomorphism (f>?y : V x — > J V X , unique up to scalar. The obstruction for making the collection {<fhy} 
into an action of T on V x is a class in H 1 (r, Q| ) , which is trivial since Q* is divisible. Therefore we may 
extend the A(fc)-action on V to an A(k) xi T-action, hence a T-action. 

When G is of type Ai, £>4„+2, Et, is contained in some ^4 C Aq. Therefore Gal(fc/fc) acts trivially 
on the odd central characters if only if £ k. We henceforth make the assumption: 

(2.11) When G is of type A%, D^ n+ 2 or E7, we assume that y—l £ k. 

When this is assumed, Aq is a discrete group scheme over k, and we do not need to distinguish between 
A (k), A (k) and A . The same argument as before shows that we can extend the A(fc)-action on V x to a 
T-action. 

In all cases, assuming (|2.11l) . the T-module V x gives a geometrically irreducible object T x £ Loc^(J7, Q^) dd 
by Lemma T2.4. 31 

2.4.5. Remark. Above we have chosen a T-module structure on V x extending the ^4(fc)-module structure. 
A different choice of the extension differs from the chosen one by twisting a character of Gal(fc/fc), and 
the resulting T x also changes by twisting the same character of Gal(fc/fc). 

2.4.6. Variant of cleanness. Let S be a scheme over k, we may similarly consider _D b (Bun x S, Qi) dd- 
The cleanness theorem 12.4.21 implies that the functor (uq x ids)* also induces an equivalence of categories 

(uo x ids)* : £ b (Bun x S) odd -4 D b ~(U x 5) odd 4 D\(S) odd 

where A acts trivially on S in the last expression. 

Assuming (|2.11l) . we may decompose an object in the D b ~(S) dd according to the action of Aq. This 
way we get a decomposition for every object H £ D b (B\m x 5%dd: 

(2.12) (« x id)*H = (« x id)*H x . 

xe^S,„dd 

2.4.7. Invariants under a finite group scheme. For every object J- £ Perv^(S'), we may talk about its 

sub-object T A £ Perv(S). In fact, Let k' be a finite Galois extension of k over which A becomes a discrete 
group scheme. Let Tw be the pull back of T to Sw = S ®k k'. We first take the perverse subsheaf of 

A(fc')-invariants J^^ k ^ C . The descent datum for Tw (descending from to S) restricts to a descent 

datum of . Since perverse sheaves satisfy etale descent, ' descends to a perverse sheaf on 

S. 

Recall that for each x, we have fixed an irreducible odd T- module V x , which gives rise to an irreducible 
object T x £ Loc^([/) dd- The following lemma is easy to prove by descent argument. 

2.4.8. Lemma. Assume (|2.1ip . Let H £ D b (Bun x S') odd such that (uq x ids)*"H is concentrated in a 
single perverse degree, then we have a canonical decomposition 

n ~ Ul^x) H ( v x ® ( M ° x id s )*'H x ) 1 . 

X6A* odd 

2.5. Proof of Theorem 12.4.21 To prove the theorem, it suffices to show that for any T £ _D b (Bun) dd, 
the stalks of T outside the open substack K\U are zero. This statement being geometric, we may assume 
k is algebraically closed. The rest of this subsection is devoted to the proof of this vanishing statement. 
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2.5.1. A result of Springer. Let c £ ZG. Let Inv c (G) = {g G G|g 2 = c} be consist of "c-involutions" in G. 
Fix t G Inv c (G) n T. We write the adjoint action of r on G as T <7 := t<7t _ 1. We recall a result of 

Springer |S851 Lemma 4.1 (i)] . Let S' — {x e GI^ie = 1}, then we have an embedding G/G T <—> S' by 
g i — ^ g T g^ 1 ■ Under this embedding, the left translation of G on G/G T becomes the following action of G 
on S": 5 * x — gx T g~ x . Springer's results says that every B-orbit on S' (through the *-action) intersects 
N G (T). 

Right multiplication by r gives an isomorphism S" — > Inv c (G), which intertwines the ^-action of G on 
S' and the conjugation action of G on Inv c (G). Therefore we may reformulate Springer's result as: any 
element in Inv c (G) is B-conjugate to an element in Ng(T)t — Nq(T). 

2.5.2. Split Cartan involutions. Let G be any semisimple group with Lie algebra q. E.Cartan proved an 
inequality: for any involution r € Aut(G), we have 

dim T > #$ G /2. 

The equality holds if and only if r is conjugate to a lifting of -1 e W x Out(G) to A r G ad(T ad ) x Out(G). 
If the equality holds, we say r is a split Cartan involution of G. 

Suppose the involution t e NQ*d(T ), then r acts on t = LieT and permutes the roots of G. Let 
<& G C <&g be those roots which are fixed by r. We form the Levi subalgebra 

( = t 

Let L be the corresponding Levi subgroup of G. Let [ dcr C I be the derived algebra, which is a semisimple 
Lie algebra which root system $ G . 

We calculate the dimension of g T . For those roots 7 which are not fixed by r, g 7 © Qr(-y) has a r-fixed 
line. Therefore 

dim - = #$ ~ #$T + dim l dcr ' r + dim t T - rankl dor > #$ ~ + #£1 = 

y 2 ~222 

Now suppose r is a split Cartan involution, the above inequality is an equality. In particular, we have 

dim[ dcr,r = 12 and dimt r = ran k[dcr Tmg meang 

• t T is the Cartan subalgebra of [ der , equivalently $ G span t* ,T ; 

• r restricts to a split Cartan involution on L dcr . 

2.5.3. TTie 6ig cell. We first restrict J 7 to the open subset K\ftc C Bun. Let O(x) = KxB/B be a 
JC-orbit on which is not open. The goal is to show that .F|o(x) = 0. 

Choose any lifting to of p v (— 1) € G ad to G, then c := Tq is in the center of G, and K = G T °. Consider 
the c- involution r = x _1 roa; € G. By Springer's result reformulated in Section [2.5. 11 up to multiplying x 
by an element in B on the right, we may assume that r 6 Nq{T). Let [r] € VF be the image of r, which 
satisfies [r] 2 = 1 € IF. Then 0(a;) is the open orbit if and only if [t] = — 1 € IF. Conjugating by x _1 
gives an isomorphism 

O(x) = if/if n xBx" 1 ^ xKx^/xKx- 1 (1 B = G T /G T n 5. 

which intertwines the if-action on O(x) and the G r -action on G T /G r n i?. Let v 1 : G T — > G T be the 
canonical double cover. Under this isomorphism, J r \o( x ) can be viewed as an object in D b ~ (G T /G T PiB) , 



dd ■ 



where oddness refers to the action of ker(V), which we still denote by ^ er in the sequel. Since G T acts 
on G r /G r n B transitively, each cohomology sheaf of JF\o(x) is a local system on G T /G T n B. Therefore 
it is enough to show that Loc^ (G T /G r n i?) dd = 0. 

Springer S85 , Proposition 4.8] also shows that G T n B is the product of T T and a unipotent group iV T 
as schemes. Let T T C G T be the preimage of T T in G T . Then 



Loc^ (G T /T r N T ) odd ^ Loc^(G-/^) od d = Loc^ (Specfc) , 



dd- 
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The category Loc^(Specfc) is equivalent to the category of (^-representations of ir (T T ). Therefore, for 
Loc^; (Specfc)odd to be nonzero, /ijf^ must not lie in the neutral component of T T . However, we will show 
the opposite statement: when [t] ^ -1 £ W, ^ r lies in the neutral component of T T . This will imply 
that J~\o(x) = whenever 0(x) is not the open orbit. 

Since [t] / -1 6 W, f ^ and $ T ^ because they have to span t T by our discussion in Section 
12.5.21 Therefore the Levi L we introduced there is not a torus. We will show thaj^there exists a coroot 
a v of G, invariant under r, such that a v : G m — > G T does not lift to G m — > G T . This would imply 

that the preimage a v (G m ) of a v (G m ) in G T is again connected, hence ^2™ C a v (G m ) lies in the neutral 
component of T T . 

Let L\ be a simple factor of L which is not a torus. Let ti = LieLi. Since t\l 1 is a split Cartan 
involution, in particular it is nontrivial, there exists a root a oi L\ which is not a root of L\. Assume 
either G is simply-laced or this a is a long root if G is of type G2 . Give a grading of g according to the 
adjoint action of the coroot a v , so that Ad(a v (s)) acts on g(d) by s d . Since a is a long root of G, we 
have g(d) = for \d\ > 2, and that g(2) = g Q . Since g Q C (i while a is not a root of L\, we conclude that 
g r n g(2) = 0, i.e, the action of Ad(a v ) on g T has weights —1, 0, 1. Suppose a v lifted to a cocharacter of 
G T , it would give an element in the coroot lattice of K which is minuscule. By examining the possible 
simple factors of K (which are of type A or D), we conclude that no element in the coroot lattice of K is 
minuscule. Therefore a v is not liftable to G T . For simply- laced G, this already finishes the proof. 

It remains to consider the case G = G2, and L is a Levi corresponding to a short root a of G. Using the 
grading given by a v , we have g T (3) 7^ and g r (l) 7^ 0. However, G r = SL 2 x SL 2 , and any homomorphism 
G m — > SL 2 acts by even weights under the adjoint representation. Therefore a v is not liftable to G T , and 
the G2 case is also settled. 

2.5.4. Other cells. Recall the Birkhoff decomposition (|2.2j) . Each double coset w £ Wk\W /Wk gives a k 
point of Bunc(Po, Poo), whose stabilizer is Stab(w) = ronAd(w)P 00 . We have a canonical homomorphism 
by evaluating at t = 

ev : Stab(w) CT 4 K = K. 
Changing the Po-level to Po-level, we get a similar Birkhoff decomposition for Bung (Pq, Poo)- The 
w £ BunG(Po,Poo) has stabilizer 

Stab(w) := Stab(w) x K K. 

Let Bunc(Po, Ii, Poo)i5 be the preimage of the stratum {w}/Stab(u;) in Bung (Pq, Ii, Poo). The open 
stratum corresponding to the unit coset in Wk\W /Wk has been dealt with in Section f2.5.3l Our goal 
is to show that D b (BunG(Po7 Ii, Poo)s;)odd = whenever w is not the unit coset in Wk\W /Wk- This 
together with the discussion in Section [2.5.31 finishes the proof of Theorem 12.4.21 

By the explicit description of the G-torsor V% corresponding to w £ BunG(Po,Poo) in Section [2.2.21 
Vw has a tautological trivialization over G m . The fiber 7? —1 (-u;) consists of all Borel reductions of Vw at 
t = 1, hence canonically identified with the flag variety JIq. The stabilizer Stab(w) is a subgroup of 
Tq C G[t,i _1 ], and it acts on the fiber 7r~ 1 (w) = f£a via the evaluation map at t = 1: 

evi : Stab(uT) - F n Ad(w)Poo C T C G^t" 1 ] cv(t=1) > G. 

Therefore we have 

Bun G (P ' ) Ii,P oo ) i5 = Stab(ffi)\/^ G . 
where Stab(w) acts on /£q via the quotient Stab(w) and the homomorphism evi. We conclude that 

^ h (Bun G (P 3 ,I 1 ,P 00 ) s ) od d = D ks£(S^ feG ^ dd 

We need to show that the latter is zero. 

Let G(w) C G be the image of evi. This is a subgroup of G containing T. To describe this group more 
explicitly, we need to know which roots of G appear in G(w). 
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Let x be the vertex in the building of L^G corresponding to the parahoric Poo. Then x lies in the 
apartment 2l(T) corresponding to the torus T, which is a torsor under X*(T) ® KL The afhne Weyl group 
W acts on 2l(T) by afhne transformations. The stabilizer of x is precisely the Weyl group of Wk (here we 
use the fact that G is simply connected). Affine roots of L^G are affine functions on 21 (T). Afhne roots 
a appearing in Tq are those such that a(x) > 0; afhne roots a appearing in Ad(u;)P 00 are those such that 
a(wx) < 0. Therefore afhne roots appearing in Stab(w) are those such that a{x) > and a{wx) < 0. 
Write such an afhne root as a = 7 + n6 where 7 £ $g U {0}, 5 is the imaginary root of L^G and n £ Z. 
Evaluating at t = 1 gives 7 as a root appearing in G(w). In conclusion, we see that 7 G $g appears in 
G(u5) if and only if there exists n £ Z such that 7(2;) + n > and j(wx) + n < 0. Since a; = ^/c v , hence 
r y(x),j(wx) £ |Z, therefore such an integer n exists if 

• either (7, x — wx) > 0; 

• or (7, x — wx) = and 7(2;) £ Z. 

Note that A = x — wx is a well defined vector in X*(T)q, and (7, a; — w) is the pairing between X*(T)q 
and X»(T)q. When we say 7(2:) € Z we view 7 as an affine function on 2t(T). Note that 7(2;) £ Z if and 
only if 7 g U {0}, therefore the roots of G(w) are 

{7 £ $g|(7j A) > 0, and, when equality holds, 7 € 

Let Pa Z> G(w) be the parabolic subgroup of G whose roots consist of all 7 such that (7, A) > 0. Then we 
have a Levi decomposition P\ = N\L\ where N\ is the unipotent radical of Pa and L\ is a Levi subgroup 
of P A whose roots are {7 £ $g|(7, A) = 0}. Then G(w) = N X (L X H K). Let W\ be the Weyl group of L\. 

Notice that L\ n K C G(w) has a canonical lifting to a subgroup of Stab(u;): this is the subgroup 
generated by T and containing real affine roots a of the form a(x) = a(wx) = 0. In particular, we can 

form L\ n K — (L\ n K) xk K, which is both a subgroup and a quotient group of Stab(u)). 

Next we analyze the G(u>)-orbits on f£c- Fix a Borel B containing T, according to the Bruhat decom- 
position, we have 

G(w)\f£ G = [J G{w)\P x vB/B^- |J (L x nK)\L x vB/B= |J L x nK\f£ Lx . 

vew x \w vew x \w vew x \w 

The arrow above is a map between stacks which is bijective on the level of points. The last equality 
uses the fact that L\vB/B = L\/L\ n Ad(w)P is the flag variety of L\. Therefore, in order to show 

that D b - — (f^G)odd = 0, it suffices to show that D b (/^ijodd = 0. Note that for w 4. W K , 

A = x — (5a; 7^ 0, therefore L\ is a proper Levi subgroup of G. So our goal becomes to show that 
D b . — {flh)odd = for all proper Levi subgroups L C G containing T. 

Since if = G T ° where To is a lifting of p v (— 1) which also acts on L, we have L C\ K — L T ° . Fix a 
Borel Bl C L containing T. Consider the L r °-orbit O(x) = L t °xBl/ Bl C /^l- By Springer's lemma 
again, up to right multiplying x by an element in Bl, we may assume that the involution r = xtqx^ 1 lies 
in Nl(T). By the same argument as in Section T2.5.31 we reduce to show that Loc^;(pt) dd = 0. Here 
= T T x K K. In Section 12X51 we have shown that P~(pt) Q dd = provided [r] ^ -1 £ W. In our 
case, since r £ Nl(T) and L is proper, [r] can never be —1. This finishes the proof. 

3. Construction of the motives 
3.1. Geometric Hecke operators. 

3.1.1. The geometric Satake equivalence. We briefly review the main result of |MV07] . We have defined 
the loop group LG and its parahoric subgroup L + G in Section T2.1.3I Let Auto be the group scheme of 
formal change of variables: R t— > {continuous (with respect to the i-adic topology) P-linear automorphisms 
of R{[t}]}. ' ^ „ 

We usually denote the quotient LG/L + G by Gr, the affine Grassmannian. This is an ind-scheme which 
is a union of projective varieties of increasing dimension. Define 

Sats com - Perv Auto¥ (Z + G ¥ \ZG ¥ /£+G ¥ ,Q,) - Perv^^ _(Gr r , Q,). 



MOTIVES WITH EXCEPTIONAL GALOIS GROUPS 



17 



The superscript gcom is to indicate that sheaves in Sat gGom are over the geometric fiber Gr^. As was shown 
in |MV07[ Appendix], Sat geom is in fact equivalent to the category of perverse sheaves on Gr-r which are 
constant along L+G^orbits. This category is equipped with a convolution product * : Sat gcom x Sat gcom — > 
Sat geom which makes it a Tannakian category over Qg. The global section functor 



H* : Sat gco 



K 



-> VecQ,, 

^ H*(Gr r ,/C) 



is a fiber functor. The Tannakian group Aut®(H*) is isomorphic to the Langland dual group G of G. Here 
G is a split reductive group over Q^. All this is proved in |MV071 Section 5-7]. 

Let Sat be the full subcategory of perverse sheaves on Gr which belong to Sat geom after pulling back to 
Grp Then Sat also has a convolution product. For each dominant coweight A <E X*(T) dom , the L + G-orbit 
containing t x £ Gr is denoted by Gr>, and its closure is denoted by Gr<A- The dimension of GrA is (2p, A). 
Let 1C\ £ Sat be the (normalized) intersection cohomology sheaf of Gr<^: 

IC A :=jx,iM(2p, A>]«p,A)). 

where j\ : Gt\ Gr is the inclusion. 

Let Sat C Sat be the full subcategory consisting of finite direct sums of ICa's for the various A £ 
X*(T) dom . We claim that Sat is closed under convolution. In AB09, §3.5], Arkhipov and Bezrukavnikov 
show this is the case when k is a finite field, which implies the general case of char(fc) > 0. When 
char(fc) = 0, we only need to consider k = Q. However, since Sat geom is a semisimple category with simple 
objects IC A q, we know ICa*IC m ® V IC V ®V^ for Q £ [Gal(Q/Q)]-modulcs = Homc^IC, IC A *IC^). 
By the standard argument of choosing an integral model, and the claim for finite fields, we see that the 
Gal(Q/Q)-action on V£ is trivial when restricted to Gal(Q p /Q p ) for almost all primes p. By Chebotarev 
density, this implies that the Gal(Q/Q)-action on V£ is trivial, and the claim is proved. It is then easy 
to see that the pullback functor gives a tensor equivalence Sat ^ Sat geom , hence also a tensor equivalence 



(3.1) 



Sat ^ Rep(G,Q<!). 



3.1.2. The Hecke correspondence. Consider the following correspondence 
(3.2) Hk '— 



Bun x 





LG+\LG/LG^ 



Aut 



Bun x (P 1 - {0, l,oo}) 



We need to explain some notations: 

• The stack Hk is the functor which sends R to the category of tuples {x,V,V\l 
(P 1 - {0, l,oo})(i?), V,V £ Bun(i?) and 

the graph of x. In particular, i preserves the level structures at 0, 1 and oo 
are defined by 



where 



X £ 



l is an isomorphism between the V and V' away from 

The maps h and h 



\(x,V,V',i) = (V, x); 

t{x,V,V',t) = (V',x). 

The map inv sends (x,V,V,t) £ Hk(i?) to the relative position between V and V in the formal 
neighborhood of x. In fact, choosing a local parameter at x, we may identify the formal neighbor- 
hood of x in Pjj — {0, l,oo} with Speci?[[t]]. Choosing trivializations of V and V over Speci?[[t]] 
we may view t as an automorphism of the trivial G-torsor over Speci?((i)), hence an element 

' LG + \LG I LG 

g £ G(R((t))) = LG(R). The image of g as an i?-point of the quotient stack 



Autc 
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does not depend on the choices of trivializations and the local parameter. This defines the map 
inv. 

3.1.3. Geometric Heche operators. The universal geometric Hecke operator is defined as a bifunctor 

f : Sat x £> b (Bun x (P 1 - {0, l,oo}), Q e ) -> L> b (Bun x (P 1 - {0, 1, oo}), Q e ) 

(3.3) (IC,T) i — ^ li\Ch*F®Q i 'wv*K). 

Note that JC G Sat always has Qf-coefficients. The bifunctor T is compatible with the tensor structure * 
on Sat in the sense that the functor 

Sat -> End(£> fc (Bun x (P 1 -{0,1, oo}), Qg)) 
JC i-> (F h-> T(/C, J 7 )) 

has a natural structure of a monoidal functor (the monoidal structure on the target is given by composition 
of endofunctors). We more often use the following functor 

T : Sat X .D 6 (Bun,Q^) -> D b (B\m x (P 1 - {0, 1, oo}), Q e ) 
T i — ^ T(/C,JKQ { ). 

3.2. Eigen local systems. 

3.2.1. Definition. A Hecke eigensheaf is a triple (JF,£,e) where 

• 7"G-D 6 (Bun,Q^); 

• £ : Sat — > Loc(P 1 — {0, 1, oo}, Q e ) is a tensor functor; 

• e is a system of isomorphisms e(£) for each JC G Sat 

(3.4) e(JC) : T(JC,T) 4 FM£{JC) 

which is compatible with the tensor structures (see |G07[ discussion after Proposition 2.8]). 

The functor £ in the definition defines a G-local system on P 1 — {0,1, oo}, which is called the eigen 
local system of T . When we say J- G Z? fa (Bun) is a Hecke eigensheaf, it means there exists (£, e) as above 
making the triple (J-, £ , e) a Hecke eigensheaf in the sense of Definition 13.2.11 

3.2.2. Theorem. Suppose G is of type A%, Dm, E-j, E$ or G^. Assume (|2.6p holds. 

(1) Assume (I2.11[) also holds. Then for every character x € ^oodd' ^ e object j\J~ x = j*J~ x G 
Z? b (Bun) oc id is a Hecke eigensheaf with eigen local system 

£ xMt : Sat S Rep(G, Qt) ->■ Loc(P 1 - {0, 1, oo}, Q,). 

(2) We do not assume (|2.11l) . TTien £ x q is a priori a G(<Qg) -local system on Wy — {0, l,oo} where 
k' = k(y/—l). There is a canonical way to descend £ x q to a G(Q e )-local system on P^ — {0, 1, oo}. 
Moreover, there is a canonical isomorphism £ x q e — ^ x Q e over V\ — {0, 1, oo} (here \ — X )■ 

(3) The G(Qi)-local system £ x q descends canonically to a G(Qe)-local system £ x . Moreover, the 
isomorphism £ x » — » £— q descends to £ x — > £ x . 

(4) If k is a finite field, £ X (JC) is pure of weight zero for any fC G Sat. 

The proof of this theorem occupies Section 13.41 
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3.2.3. The Beilinson-Drinfeld Grassmannian. Beilinson and Drinfeld define a global analog of the affine 
Grassmannian. We recall the definition in our context. We define GR by the Cartesian diagram 



GR- 



Hk 



11 -{0,1, 00} 



uq x id 



Bun x (P 1 - {0, l,oo}) 



Using the moduli interpretation of Hk, we see that GR classifies triples (x,!^,^ where x E (P 1 



{0, l,oo})(i?), V € Bun(i?) and 1 is an isomorphism V\ P i _ 



r( a 



o|pij-r( 



x \, where T(x) C P}j is the 



graph of x. Fixing x the fiber of GR over x is denoted by Gr^, which is an ind-scheme over R. When R 
is a field, after choosing a local parameter t at x, we may identify Gr^, with the affine Grassmannian Gr 
in Section [3.1.11 

For every K. £ Sat, there is a corresponding object /Cgr € D b (GR, Qe) obtained by spreading it over 
P 1 — {0, l,oo}: for the construction, see [GOlJ Section 2.1.3]. This is the same as the pullback of inv*/C 
from Hk to GR. 



3.2.4. Description of the local system. From now on till Section 13.2.71 we work under both assumptions 
(|2.6p and (|2.11|) . and the coefficient field for all sheaves is Q £ . 



Define GR by the Cartesian diagram 



(3.5) 



GR 



Hk 



(h,h) 



P 1 - {0, 1, oo}^&- X Bun x Bun x (P 1 - {0, l,oo}) 

Since the morphism uq x m x id : P 1 — {0, 1, 00} — > Bun x Bun x (P 1 — {0, 1, 00}) factors through the 
A x A-torsor P 1 - {0, 1, 00} (K\U) 2 x P 1 - {0, 1, 00}, therefore GR U carries a natural A x A-action. 
The first A-action (resp. the second action) comes from the base change through h (resp. h ). 
The ind-scheme GK U fits into a diagram 

(3.6) 



Specfc 




{0, 1, 00} *- Bun x 



{0,l,oo}) 



where all squares are Cartesian by definition. Using the moduli interpretation given in Section 13.2.31 
u : GR — > Hk — > Bun sends the triple (x, V, l) to V € Bun. Denote the projections to curves by 

n u : GR U -> P 1 - {0, 1, co}; 5f : GR U -> P 1 - {0, 1, 00}. 

By proper base change and the definition of Hecke operators (|3 . 3|) , 
(3.7) (u x id)*T(/C,j,J- x ) = 7r,(w*j^ x <8>K GRjSt ) = *Y(u> u >*T x ® K GKjSt ). 

On the other hand, it is easy to see that: 

uj U '*F x S (U x (8)^) 1(1) . 

Here we put A(l) to emphasize the action of A on z/^Q^ is induced from the first A-action on GR' 7 . Taking 
A-invariants makes sense, see the discussion preceding Lemma 12.4.81 Tensoring with ^C GR q € we get 



(u x id)*T(/C, j\F x ) = ■kY{u) U '*F x ® /C Ga g ) = tt\(V x ® v*v*K GK n ) 



Mi) 
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Let (^*<Q^) dd C v*Qi be the subcomplex on which jj^ 1 C A acts by the sign representation (either in 
the first action or the second, they are the same on jLKj 61 ). Therefore 

xeA' odd X6A* odd 

This isomorphism is A x A-equi variant: A{1) acts on V* and A(2) acts on lo U '*F x . This is why we use M 
rather than £g). Tensoring with ICq-r^ we get 

(^*/C GR Q f )odd = V*M {u u >*T x ® IC GRMt ). 
xe^S,odd 

Taking itY we get an A x A-equivariant isomorphism 

f3~71l 

(3.8) (™*ic GRMe u d = v*ja*¥(w u >*r x ®K GKjSt ) = v*m(u xid)*T(/c,j,j- x ). 

On the other hand, by the defining equation (|3.4[) of eigen local systems, we get an A-equivariant isomor- 
phism between local systems on P 1 — {0, f , oo}: 

Combining this with (|3.8|) . we get a canonical A x A-equivariant isomorphism 

(3.9) (^*K GR ,<|>dd = (V*1SV X )9S X {K:)^ 

XG^S,odd 

On the right side, ^4(1) acts on V* and ^4(2) acts on V x . This isomorphism also shows that (ji\v*1C GR Q^)odd 
is a local system on P 1 — {0, 1, oo}. 

3.2.5. Rationality issue. We use the following convention 

/ ._ \ Qe if G is of type D 4n , E 8 or G 2 

[^(V 3 !) if G is of type A^D^+2 or £ 7 

Let A{k) x A(/c) act on the group ring (Q>£L4(fc)] via left and the inverse of right translation on A(k). Then 
(Q^L4(fc)] is an :— A(k) x A(k) x Gal(/c/fc)-module. We may decompose it under the action of Aq via 
the embedding into the second copy of A(k): 

Q'AMk)}= Q'AAk)] x . 

X6^S,odd 

Note that Q i [A(k)] x = V* Kl V x as L( 2 )-modules. From the construction of the (^-structure on £ x (/C)q 
we will give in Section f3. 4.61 it is easy to see that (|3.9p descends to 

(3.10) (^*/C GR , Q ,) odd = Q' e [A(k)}x®£x(£H- 
Equivalently, 

(3.11) £ X (1C) Q , - (0J[A(5)] X ® (i ! ^/C GR , Q ,) odd )' 4X ' 4 • 
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3.2.6. Intersection cohomology. Let A be a dominant coweight of G, and K, = IC\. Then the spread-out 
/Cqr is, up to twist and shift, the intersection cohomology complex of GR<a- More precisely, 

/C G R = IC G R< A [(2p,A)]((p, A)). 
Here we normalize the intersection complex ICx of a variety X to lie in cohomological degrees 0, • • • ,2 dim X 
and is pure of weight as a complex. Since GR< A — > GR< A <^-> GR< A is etale, ^*/Cqr is also the intersec- 
tion complex of GR< A up to shift and twist. We use the notation 

IH^GR^/P 1 - {0, 1, oo}, Q' e ) := 5r,IG ^ € D b {¥ 1 - {0, 1, oo}, Q' e ) 

whose stalk at x e P 1 — {0, l,oo} calculates the intersection cohomology of Gr^ <A . Then (|3.10p becomes 

(3.12) IH c (GRf' A /P 1 -{0,l,^},Q^ odd [(2p,A)]((p,A))- Qj[A(S)] x ® £ X {K) % . 

In particular, IH C (GR^ A /P 1 - {0, 1, oo}, Q' e ) dd is concentrated in the middle degree (2p, A), and is a local 
system. 

3.2.7. Quasi-minus cule Schubert variety. We specialize to the case X — a v , the coroot corresponding to 
the maximal root a of G. This is called a quasi-minuscule weight of G because in the weight decomposition 
of the irreducible representation V qm := V a v of G, all nonzero weights are in the Weyl group orbit of a v . 
When G is simply-laced, V qnl = g is the adjoint representation of G. 

For basic properties of the variety Gr Xi < Q v we refer to [HNY10, Section 5.3, especially Lemma 5.22]. 
In particular, it has dimension (2p, a v ) = 2h v — 2, where h v is the dual Coxeter number of G. It consists 
of two L+G-orbits: the base point {★} = Gr^o (the only singularity) and its complement Gr^^v, which 
is in fact isomorphic to the variety Y introduced in Section \TM The open subset Gr^ <a v is of the form 
Y\D X , where D x is a divisor of Y depending algebraically on x. 

Let Y = GR^v and Z be its complement in GR< Q v . We temporarily denote the corresponding open 

and closed embeddings by j and i. Then Z = A x (P 1 — {0, 1, oo}) = GR^. Let IC~ be the intersection 


complex of GR< qV . We have a distinguished triangle 

m e [2h v - 2]{h y - 1) -> IC9£[2fc v - 2}{h v - 1) -> % m {C ® Qi,z) -> 
where C is the stalk of IC~[2/i v — 2](/i v — 1) along Z, which is the same as the stalk of IC Q v at {*}. By 

GR 

the definition of the intersection cohomology complex, C lies in degrees < 0, therefore, taking compactly 
supported cohomology of the above distinguished triangle we get an isomorphism 

H 2h v -2(y/ p i _ {0; ljQo}) 4 IHf V - 2 (Gr£'v/P 1 - {0, 1, oo}). 

Therefore (|3.12|) implies an isomorphism in D b (¥ 1 — {0, 1, oo},Q^) 

(3.13) ^^(y/P^^l.oo^QiJodd^-l)^ QMfc)] x ®£ x (IC a v) Q ,. 
We will abbreviate £ x (IC a v) by £ qm . Then 

(3.14) £*™, - (Q^[l(I)] x ®Hf V - 2 (r/P 1 -{0,l,oo},Q^) odd )' 4X ' 4 . 

When we need to emphasize the base field we are working with, we write £ X} k as the eigen local system 
over Pj. — {0, 1, oo}. Next we extend the local system £ Xy q from Pq — {0, 1, oo} to ^x\i/2iN) — {0i 1> °°}- 
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3.2.8. Proposition. There is a positive integer N such that £ x extends to a G(<Qe) -local system £_ over 
Pj| 1 y 2W j — {0, l,oo}. Moreover, for any geometric point Spec/c — > SpecZ [l/2£/V], the restriction of £_ x to 
P[, — {0, 1, oo} is isomorphic to £ x ,k- 



Proof. We define 



('■) 



if G is of type D^ n , Eg or G2 
if G is of type A\ , D^ n+ 2 or £7 



Let 11 be the ring of integers in Q'. We will first extend £x,Q',Q' (over Pq, — {0, 1, 00} with Q^-coefficients) 
to ^zi[i/2in] — {0, 1, 00} for some N. 

In what follows, we use underlined symbols to denote the integral versions of the spaces, sheaves, etc. 
Over Z'[l/2], the groups G,K,- - and the spaces Bun, [/,••• have integral models G,K_, - ■ , Bun . U, 
All these spaces are defined in a natural way such that their /c-fibers (k is any field with char(fc) ^ 2) are 
the same as the corresponding spaces over the base field k we defined before. 

As discussed in Section T2.2.61 the rational point uo extends to a point u : SpecZ' [1/2 Ao] — > U_. The 
stabilizer of u under K_ is a finite flat group scheme A over Z'[l/2Ao]. We may define the integral version 
of Y (in Section I3.2.7P by forming the Cartesian diagram 



Y 



Then Y_ maps to 



!'[1/2W ] 



SpecZ' 
{0, l,oo}. Let 



1/2JV6] 



Bun 



H 



2/, - 



! (y/p 



Z'[l/2Wo] 



{0,1, 00}, ( 



'll)odd 



AxA 



We need to make sense of the operation of taking invariant of the group scheme A. Note that A is 
finite etale over Z'[l/2A r ], hence Gal(Q/<Q>') acts on A(Q) via its quotient m(Z'[l/2N ]), therefore the 
construction of invariants by descent in Section 12.4.71 still works over the base Z' [1 /2 No] . By proper base 
change and (|3.14[) . the restriction of S^ 1 to P^. — {0,1, 00} is the eigen local system £ £™ for any field- valued 
point Specfc -> SpecZ' [1 /2£N ] ■ 

By enlarging Nq to some positive integer N, we may assume £' x m is a local system of rank d = dim V a \> 
{0, 1, 00} (in fact we do not need to enlarge N in this step but I do not need this fact). 



over 



V\l/2tN] 



The monodromy representation of £_z is 



Since the 
(3.15) 



J'-fiber off^ m is£^ 



^(PL-{0,l,oo})C 



P ■ ti QPz'[i/2W] - {0, 1, 00}, *) -> GL«,(QJ). 
, , we have a commutative diagram 

W3 



7n(pi -{0,l,oo}) 



^( p i'[i/2JV] - {°. 1 ^}) C -^i( F z[i/2 W] " {0,Loo}) - - ^ GL d (Q^) 



where pq is the monodromy representation of £ x ,q and the vertical map a is the homomorphism giving 
the quasi-minuscule representation of G. Since the vertical arrows s' and s are surjections with the same 
kernel, there is a unique way to fill in the dotted arrows. This dotted arrow p gives the desired G(Qi )-local 
system £_ x over Pgn/a^Ari — {0, 1, °°}- ^ 



3.3. Description of the motives. 
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3.3.1. Motives of an open variety. In this section, we assume the base field k is a number field, and we 
assume the Standard Conjectures. For every smooth projective variety X over k, and every i € Z, there 
is a well-defined motive h l (X) £ Motfe such that under the £-adic cohomology functor, h l (X) is sent to 
H l (%,Q £ ). 

More generally, suppose X is a smooth quasi-projective variety over k, one can also define an object 
h\ pur (X) € Motfc as follows. Let X be a compactification of X over Q, which is a smooth projective 
variety such that D — X\X is a union of smooth divisors U s gsD s with normal crossings. Such an X 
exists by Hironaka's resolution of singularities. Let 

K >pui (X) = ker(V(X) -> e, 6fi r^(D,)). 

This may depend on the choice of the compactification. However we will see below that the -^-adic real- 
ization of h l c puT (X) only depends on X. Consider the following maps induces by inclusion and restriction 

Each cohomology group carries a weight filtration (we can choose an integral model and look at the weights 
given by Frob„ for almost all v) and the maps are strictly compatible with the weight nitrations. Taking 
the weight i pieces, we get 

GvfEHX^Qt) = kcr(ff(X r ,Q,) -> tB.es&^Qt)) = E e (K tPUI (X)). 

In other words, the £-adic realization of the motive h l cpul (X) is the Gal(fc/fc)-module Gr^H* (Xj, Qe)- 

Suppose the smooth quasi-projective variety X is equipped with an action of a finite group scheme A 
over k, then we may first find an A-equivariant projective embedding. In fact, let act :ixl->l and 
pr : A x X — > X be the action and projection map. If C is an ample line bundle on X, then its average 
under the A-action Ca = det(act*pr*£) is again ample and A-equivariant. Using a high power of Ca we 
have an A- equi variant projective embedding X V N , and the closure of its image gives an A- equi variant 
compactification X of X. Using the equivariant version of Hironaka's resolution of singularities, we may 
assume that X — X = U sl =sD s is again a union of smooth divisors with normal crossings, and the whole 
situation is A-equivariant. 

Every closed point a E \A\ gives a self-correspondence T(a) of (X,X,D S ) which is the graph of the en- 
action. All such correspondences span an algebra isomorphic to Q[A(k)] Gal ( k / k ^ , and its action on h % c pui (X) 
gives a homomorphism 

Q[ A(k)f^) _> End Motkm (h{ puI (X)). 
If L is a number field and e € L[yl(fc)] Gal< ^' c / fc ) is an idempotent, then eh % c pm (X) is an object in Motfe(L). 

3.3.2. The idempotents. In this section we assume the number field k satisfies the assumption (|2.1ip . Fix 
X € odd . Let ip x : A(k) — ► Q be the characters of irreducible representations V x . For G = D4 n ,E s or 
G2, <p x takes Q- values because Gal(Q/Q) acts on the set of irreducible characters; for G — A\, I?4„+2 or 
Ey, (p x takes values in Q(i) for the same reason. We let Q' = Q in the former case and let Q' = Q(i) in 
the later. Similarly we define Q' ( as in Section [3.2.51 We will consider the category Motfc(Q') of motives 
over k with coefficients in Q'. 

Under the Gal(A:/fc)-action on A(k), ip x is also invariant because this action fixes the central character 
X- We can make the following idempotent element in Q'[A(k) x A(k)) 

e x ■■= %i+2 £ Vxi^ 1 ) ■ai<Eia 2 e Q'[A(k) x A(k)}. 

(ai,a 2 )eA(fe) 

Since ip x is constant on Gal(/c/fc)-orbits of A(k), we actually have 

e x € Q'[A(k) x A(k)} Gal{k/k) . 
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The action of e x on the A{k) x A(fc)-module Q £ L4(fc)] x is the projector onto id € End(V x ) = Q e [A(k)] x . 
The action of e x on Q f [A(/c)] x / is zero if x' 7^ X- Let 

M x , x := e x h^~ 2 (Y x )(h^ - 1) G Mot fc (Q')- 

3.3.3. Proposition. There is an isomorphism of Gal(fc/fc) -modules 

In other words, the Gal(k/k) -module £ q ™ q, is isomorphic to the ^^-realization of the motive M XtX € 
Mot fc (Q')- 

Proof. Taking stalk of (|3.13|) at a; € P 1 (fc) — {0, 1, oo}, we get an isomorphism of Gal(fc/fc)-modules: 



(3.16) 



H 



2/r' 



toodd(ft v - 1) = ®'AAk)}x®Qe£r*- 

By Proposition 13.2.81 is unramified at large enough prime p, and is pure of weight zero under Frob p 
according the purity result proved in Theorem l3.2.2f 4'). Using (|3.16l) . we see that the same purity property 

therefore 



holds for 2 (Y X , Q' e ) dd{h v — 1). Moreover, e x projects 2 (Y x ,Q' l ) to a subspace of the odd part, 



H(M. 



p Cr W 
e X KjT 2h^ 



2h v -2 



0^,Q^)(ft v 



1) 



e x H 



2h v -2 



1) 



Making e x act on the right side of (|3.16l) . we get 



H(Af x , a ,Qi) = e x Q' e [A(k)] x ® Qe £T X = Q' e ®< 



cqm 
\l '-'y.x- 



□ 



3.4. Proof of Theorem 

3.4.1. Proposition. Let K. £ Sat and T € Loc^(?7)odd 

(1) (n x id)*T(/C,iiJ 7 )[l] e Z^P 1 - {0, l,oo}) is a perverse sheaf. 

(2) If k is a finite field, (uo X id)*T(/C, jij 7 ) zs pure of weight zero. 

Proof. The proof is a variant of |HNY1Q[ Section 4.1] . Let A be a large enough coweight of G such that JC is 
supported in Gr<,\. We restrict the diagram Q3.6P to GR<a without changing notations of the morphisms. 
By (|3.7p we have 

(no x id)*T(/C,j,J-) S ttP(o;^*J-(8)/Cgr) 
The complex /Cqr is in perverse degree 1 on GR (because GR has one more dimension than the affine 
Grassmannian) and it is pure of weig ht 0. Therefore u u >*F <g> /C G r is in perverse degree 1 and pure of 
weight 0. In Lemma 13.4.21 below we will show that tt u : GR< A — > P 1 — {0,1, oo} is afnne, therefore 
(u x id)*T(/C,j ! J r ) G p D^ 1 (Bua x (P 1 - {0,1, oo})) by [BBD82J Thereme 4.1.1]. By [D80l Variant 6.2.3 
of Theoreme 3.3.1], it has weight < 0. 

On the other hand, consider the Cartesian diagram 



K\U 




Bun 



Since h is a locally trivial fibration in smooth topology by [HNY10[ Remark 4.1], the natural transfor- 
mation h *j„ — > jHk,* h '* is an isomorphism. Therefore 



UJ*j* — V* h *j» — > U*jHk,* ft 



u,* 



(/,* l (7,* 
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where the second isomorphism uses the fact that v is etale. Hence 
(3.17) («o x id)*T(/C, = 7ri(w*j..F<8> /C GR ) S tt, ((j G R,*o; a '*.F) $ £ GR ) 

= ^j GR ,4u u '*J^^}C GK ) = ttV(cj u '*F®1C gk ). 

Here m = 7r» because 7r : GR<a — > P 1 — {0, l,oo} is proper. Since n u is affine and uj U '*F ® /Cqr is in 
perverse degree 1, we have (u x id)*T(/C, j» J") G ^-D- 1 ^? 1 - { 0,1, o o» by |BBD821 Corollaire 4.1.2]. Since 
u) U '*F ® /Cgr is pure of weight 0, by the dual statement of |D80| 6.2.3], (uq x id)*T(/C, j*J-) has weight 
> 0. 

Since j\F = j^J 7 by Theorem l2.4.2[ the above argument shows that (uq x id)*T(/C, j*^ 7 ) is concentrated 
in perverse degree 1 and is pure of weight 0. □ 

3.4.2. Lemma. The morphism n u : GR< A — > P 1 — {0, l,oo} is affine. 

Proof. Fix a point x G (P 1 — {0, l,oo})(i?) for some finitely generated fc-algebra R. We will argue that 
the fiber Gr^ <A of GR< A over x is an affine scheme. 

The embedding j factors as K\U <-> K\fla Bun, therefore we have Gr^ <A GR* <A <-t Gr^-o, 
where Cr* <A = uj~ 1 {K\flQ). Since U is itself affine, so are the open embedding K\U K\fla and its 
base change Gr^ <A Gr*, <A . Therefore it suffices to show that Gr*, <A is affine. 

Consider the morphism 

P ■ Gr x ,<\ ^> Bun Bun G (P ,Poo) Bun d . 

Here Ad + is defined in the proof of Lemma 12.2.31 By definition, Gr* <A is the preimage of K\f£o C 

Bun under h, hence the preimage of {*}/K C Bung (Po, Poo), which is in turn the preimage of the 
open substack {£>(— l) d }/GL<i C Bum; under (3, by the Cartesian diagram (|2.5[) . The open substack 
{C(— l) d }/GLrf is the non- vanishing locus of a section of the inverse determinant line bundle C^ t on 
Bun^. Therefore, Gr* <A is the non- vanishing locus of a section of w*£~[ e 1 t . In order to show that Gr* <A 
is affine, it suffices to show that w*£7<i is ample on Gr x <^ relative to the base Spcci?. 

Every point (V, t) G Gr 2 ,.< A (5) (S is an i?-algebra) consists of V G Bun G (P , P 00 )(S) together with an 
isomorphism i : P|pi_r(xs) ~* ^'ol)p^-r(xs)' where r(xg) C Pg is the graph of x viewed as an S'-point of 
P 1 , and Vq € BunG(Po, Poo)(fc) is the fixed trivial G-torsor. The line bundle w*£7 et assigns to (V,l) the 
line det s Rr(P^,Ad + ('P))- 1 . 

The i?-point x corresponds to an algebra homomorphism (t — 1) _1 ] — > R. Let tn be the image 

of R and let t x = t - t R G R[t]. Then O x> s = S[[t x ]] is the completion of P^ along T(x s ). Let F x , s = 
The restriction of i to Species gives a trivialization of V there, and the adjoint vector bundle 
Ad + (7 , )|s P ccO a; ,s determines an O^g-s ubmo dule A C A ,s ®o a , s Fx,S, where A ,s = Ad + ("P )|s P cce> x , s • 
The following discussion is taken from |F031 Section 2]. Since we consider only Gr x> <\ rather than the 
whole Gr^, there is a universal constant N such that 

^A ,s c A c t- N A ,s 

for all A coming from (V,i) G Gr Xy <\, and A/i^Ao is a locally free iS-module of rank equal to M :— 
rks(A .s/t x A ,s) = AdimG. Moreover, the datum of A uniquely determines (V,i), so that we get a 
closed embedding 

Gt x ,<x ^ Gr(M, 2M) ® fe R. 

Here Gr(M, 2M) is the usual Grassmannian of Af-dimensional linear subspaces in A 2M . The assign- 
ment £ Gl : A H> dets(t x N A ,s/A) is a very ample line bundle on Gr(M, 2M) since it gives the Pliicker 
embedding. Therefore C Gr is also ample on Gv x ^<\ (relative to the base R). 
Since Ad + (V) and Ad + (V ) only differ at x, 

detRr(P^, Ad+(7'))- 1 ® s detRr(P^, Ad + (V )) = det{t~ N A , s /A) ® s det^Ao.s/Ao.s)- 1 . 
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Therefore w*£ de 1 t = £cr since the other lines appearing above are constant lines only depending on Vq. 
Hence w*£7 1 is also ample on Gr x <> relative to R. This proves the lemma. □ 

3.4.3. Preservation of the character x- We first show a general result which works for all G satisfying (|2 . 1 [) . 
We assume k is algebraically closed and we work with (^-coefficients. Let ZG be the preimage of the center 
of G (which is contained in K) in K. Every object V £ Bun^Po, Ii, Poo) has automorphisms by ZG; 
similarly, every object V £ Bun has automorphisms by ZG. In other words, the classifying stack B(ZG) 
acts on the stack Bun. In fact, the whole Hecke correspondence diagram (|3.2[) is B(ZG)-equivariant. For 
every character ip : ZG — > , we have the subcategory £) 6 (Bun)^ C D b (Bun) consisting of complexes on 
which ZG acts through ip. By the B(ZG)-equivariance of the diagram (the action is trivial on K, £ Sat), 
the geometric Hecke operators T(/C, — ) necessarily send D b (Bun)^, to Z? b (Bun x (P 1 — {0, l,oo}))^. 

Now back to the situation of Theorem 13.2.21 where we have ZG = Aq. For any \ G A)(^)odd an< ^ an y 
JC £ Sat, the above discussion shows that T{K,j\F x ) £ D 6 (Bun x (P 1 - {0, l,oo})) x . 

3.4.4. Hecke eigen property with assumption (|2.11l) . By Proposition I3.4.TT 1) . T(JC,jiJ r x ) is concentrated 
in perverse degree 1 so Lemma 12.4.81 is applicable. Therefore we can write canonically 

T(JC,j,F x ) = T(/C, j\?x)x = 3i?x ® (V; ® K x id)*T(/C, j, F X )) A 
Here the first equality follows from the discussion in Section 13.4.31 We define 

(3.18) £ X {K\ ( := (V* ® («o x idyT(JC,j^ x )) A 

which is a Q £ -complex on P 1 — {0, l,oo} concentrated in perverse degree 1. 

Recall that the construction of T x (or the V- module V x ) is not completely canonical: we are free to 
twist it by a continuous character ip of Gal(k/k). However, we have a canonical isomorphism 

(V x {xP)* 9 («o x id)*T(/C, 3\F X W)) A - ( v x ® ( M ° x id)*T(/C, j,^ x )) A . 

Therefore £ x (K.)q is completely canonical. 

Using the monoidal structure of T(— , ji^x) as spelled out in Section [3~T1 we get canonical isomorphisms 

(3.19) <PKuK2 '■ £ xi^\ t ® ^x(^2)q £ ^ £ X {K\ * /C 2 )q e 

for any two K,\,K,2 € Sat. These isomorphisms are compatible with the associativity and commutativity 
constraints (for the commutativity constraint, we use Mirkovic and Vilonen's construction of the fusion 
product for the Satake category). Once we have the tensor property (|3.19[) . we can use the argument of 
[HNY101 Section 4.2] to show that each £ x (1C)q must be a local system on P 1 — {0, l,oo}. Therefore 
£ x {— )q gives a tensor functor 

£ xMe : Sat ->■ Loc(P 1 - {0, 1, oo}, Q e ) 

which serves as the eigen local system of the Hecke eigensheaf j\ T x . This proves statement (1) of Theorem 
ET2~2T l), The purity statement (4) of Theorem [5X21 follows from Proposition l3"Xir 2). 

3.4.5. Descent of base field. We now prove statement (2) in Theorem 13.2.21 We only need to consider 
the case \J — 1 ^ k and G is of type A\,D^ n +2 or £7. Let k' = k(\/—l). In the previous section we 
constructed £ x k , q over P^, — {0, 1, 00}. For a stack X over fc, we denote its base change to k' by Xj./ 
and let a : Xy — > Xy be the involution induced from the nontrivial involution a £ Gal(fc'/fc). 

Let r' = A(k) » Gal(k/k'), which is a subgroup of V of index 2. The construction in Section [2.4.41 only 
gives a T'-module V x since we assumed (|2.11|) there. The action of the involution a £ Gal(fc'/fc) changes 
the central character \ to % Therefore we have an isomorphism of T'-modules a : a*V x ^ ^(VO f° r some 
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character ip of Ga\(k/k'), unique up to a scalar. Similarly, a induces an isomorphism o*T x = T x (ip), and 
hence an isomorphism 

a*(V*®(u xid)*T(lCj,F x )) A ^ (VM>) m ® fa x idyriKJiJ^)))* 

which is completely canonical because we used a twice. Using (I3.18[) , we get a canonical isomorphism 

which is clearly compatible with the convolution on /C S Sat. Therefore we get an isomorphism of tensor 
functors 

(3.20) Jx :^x,W-)q £ ^>%fc'(-)Q f = Sat -> Loc(P£, - {0, l,oo}, Q e ). 

We now exhibit a canonical isomorphism £ xk ,(K.)^ —> ^^/(D/C)^. For a stack S over P 1 — {0, l,oo} 

with structure morphism s : S — > P 1 — {0, 1, oo}, we denote by D rel the Verdier duality functor on D b (S) 
relative to P 1 — {0, l,oo}: D rcl (.F) = RHom s (J r , D s ), where D s = s'Qg is the relative dualizing complex 
of s. 

We have an isomorphism 

(3.21) 3* (V x <S>W c \u a x id)*T(/C,j.J : " x ))' 4 . 
By (|3.7[) . we have 

B rcl (uo x id)*T(/C,j,J- x ) - B r % a (u,^®/C GR> ^) = Trf (u;^*^ ® D rel /C GR> ^) 

= i%(u> v >*J» <8 (B/C) GR ^) S («o x id)*T(B/C,i,J-V). 
The last equality follows from (|3. 171) . Plugging this into (13.2 1[) . we get a canonical isomorphism 

(3.22) = (^x ® ("o x id)*T(D/C,j! J-p)- 4 . 

Fix a r'-isomorphism fj : V* = V x (ip) for some character ip of Gal(fc/fc'). This also induces an isomorphism 
J- x = J^(i/}). Using P twice, we may rewrite (|3.22[) as 

(3.23) ^ ® (uo x id)*T(B/C, j,.^))) 1 <* 

which is completely canonical. One checks that (I3.23[) is compatible with the convolution structure of Sat, 
hence giving an isomorphism of tensor functors 

ZxM-kt 4 : Sat Loc(P£, - {0, l,oo},Q £ ). 

Since — 1 € W, Verdier duality D on Sat serves as duality in this tensor category. Therefore the tensor 
functor £ x .k> should intertwine D and the linear duality on Loc(Pj,, — {0,1, oo}): we have a canonical 
isomorphism of tensor functors (£_ fc , ^ oD) v = £- k , ^ Therefore (|3.23[) induces a canonical tensor 
isomorphism of tensor functors 

(3.24) £ x k , ^ ^ S- k , Mt : Sat Loc(P^, - {0, l,oo},Q £ ). 
Combining the tensor isomorphisms (|3 . 20[) and (J3T24J), we get a canonical tensor isomorphism 

Canonicity guarantees that this isomorphism gives a descent datum for each £ Xl k' (^-)q from P^, — {0, 1, oo} 
to Pj. — {0, 1, oo}, which is compatible with the convolution structure on Sat as K. varies, so that £ x k , q 
descends to a tensor functor which we give the same name 

£ x<k , Me : Sat Loc(P1 - {0, 1, oo}, Q,). 
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The isomorphism (I3.24[) is also compatible with the descent datum so it gives a canonical isomorphism of 
functors £ k , ^ £— k , q taking values in Loc(Pjf, — {0, 1, oo}, Q e ). This finishes the proof of Theorem 
13X27 21. 

3.4.6. Rationality of the coefficients. Finally we prove the statement (3) in Theorem 13.2.21 It is clear 
from the construction that we may replace Qj by a finite Galois extension E over Qt, Therefore, for each 
K, £ Sat, we have an E-local system £ X (JC) e on P 1 — {0, 1, oo}. For each r G Gal(_E/Qj»), and any complex 
or vector space H with ^-coefficients, we use T H to denote E <Eie.t T~L- 

First suppose G is of type D^ ni E% or G2, then all \ € odd take values in ±1. The T-module T V X 
is again an irreducible ^4(fc)-module with central character Xi therefore there exists some character ip of 
Gal(fc/fc) and an isomorphism a : T V X = V x (ip), well defined up to a scalar in E x . This a also induces an 
isomorphism T J~ x — > T x {%ji). Since JC is defined with Q^-coefficients, we have an isomorphism 

(3.25) T (V* ® (uo x id)*T(/C,j^ x )) A ^ (y x W <8> (u x id)*T(JC,j^ x ^))f 

which uses a twice, hence completely canonical even though a is only defined up to a scalar. This gives a 
canonical isomorphism 

ip T : t £ x (JC)e = £ x {K,)e- 

Canonicity guarantees that the collection of isomorphism {v? T }reGai(E m e ) gives a descent datum of £ x (JC) e 
to Q^-coefficients, and these descent data are compatible with the tensor structure as JC varies. Therefore 
£ x ,e descends to a G(Q^)-local system £ x on P 1 — {0, 1, oo}. 

Now suppose G is of type A\,D± n+ 2 or E-j. Then all characters \ € A)(^) dd take va l ues m Q'e = 
Qi{V~^)- The above argument gives descent datum of £ x ,e to a G(Q^)-local system £ Xi q> ■ If Q' e ^ Qe, 
we need to further descend from Q' e to Qg. Let t € Gal(Q^/Q^) be the nontrivial involution. Then 
the argument above shows there is a canonical isomorphism between local systems on Pj., — {0,1, oo} 
(k' = k(V=l)): 

T£ x,k'{K-)% ->■ %,fc'(/C) Q ^. 

The canonical isomorphism £ x k , ^ = £ xk i q in statement (2) of Theorem 13.2.21 actually descends to Q' e 
by checking the proofs, and we get a canonical isomorphism 

It is easy to check that this give a descent datum of £ x ,k',Q' to a G(Qf)-local system £ X) k' on Pfe' — {0, 1, oo}. 
One can also check that this descent datum is compatible with the descent datum of £ x ,k',<Q' from P k , — 
{0, 1, oo} to P^ — {0, 1, oo} given in Section [3.4.5[ We omit details here. This finishes the proof of Theorem 

4. Local and global monodromy 

For most part of this this section, we fix % S ^4o(^)odd' an< ^ denote £ x simply by £. The results in this 
section will be insensitive to \- 

To emphasize the dependence on the base field, we use £ k to denote the local system £ over Pjf, — {0, 1, oo}. 
The monodromy representation of £ /. is 

Pk :tti(P£ -{0,1, «>})-►£«&). 
The goal of this section is to study the image of pk as well as its restriction to certain subgroups of 

7n(pi-{o,i,oo}). 

4.1. Remarks on Gaitsgory's nearby cycles. We first make some general remarks about the calcula- 
tion of local monodromy via Gaitsgory's nearby cycle construction [G01 . 
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4.1.1. Hecke operators at ramified points. Let A be a complete smooth connected curve over an alge- 
braically closed field k and S be a finite set of points on A. Let {P x } be a set of level structures, one for 
each x G S. For each x € S, we have a Hecke correspondence 

Hk T '— P X \L X G/P X 



Bun G {P x ;x&S) 



Bun G (P i;s eS) 



which classifies triples (V^V ,i) where V \V' G Bun G (P ' x ;x € 5) and /, : "P|x-s — > P'lx-s preserving the 
level structures at S — {x}. 

Analogous to the geometric Hecke operators, we may define an action of the monoidal category D b '(P X \LG /P x ) 
on D 6 (Bun G (P x ;a; G S)) as follows. For K G D 6 (P X YLG/P X ) and J" G D 6 (Bun G (P x ; x G S)), we define 

T x (/C, J") :=7? S) i(V^<8>inv:yC). 

We also need the Hecke modifications at two points, one moving point not in S and the other is x G S. 
Let S x = S — {x}, we have a diagram 



Hkv_ 



X-S* 



L+G\LG/L+G 
Auto 



Bun G (P x ;xe 5) Bun G (P x ;x e S) x (X - S x ) 

The stack Hkx-s- classifies (y,V,T",i) where y G A - S x ,V ,T" G Bun G (P x ;:r G 5) and t : V\ X -s-{ y } 4 
'P'ljf-s-ia} preserving the level structures at S 1 — {x}. The map "inv" records the relative position of V 
and V' on the formal neighborhood of y. In particular, Hk x c Hkx-s m is the fiber at y = x. 

4.1.2. Parahoric version of Gaitsgory's construction. We recall the setting of [GOlj . Fixing a base point 
u : Speck -> Bun G (P x ;x G 5). Let GR X \ S , = "/^({^o} x (A\5 a; )). Let Fl Px = L^G/P^ be the affine 
partial flag variety associated to P^. The family GR^-S 1 X — S x interpolates Gr y x Flp^.,?/ ^ S and 
Flp x at x: 

Pip a, *~ GR-x— s x GRx— 5 x Flp x 



{x} X — S x * A - S 

The nearby cycles functor defines a functor 

1- Px : Sat x £> b (Fl P J ->■ L» b (Fl P J 

sending (/C, J 7 ) to the nearby cycles of /Cgr ^ -T 7 , where /Cqr G /^(GRx-s) is the spread-out of K, G Sat 
as in Section 13.2.31 Setting T to be the skyscraper sheaf 5p x at the base point of Flp x , we get a t-exact 
functor (by the exactness of nearby cycles functor) 

Z Px : Sat -> Pcrv(Fl P J 

K h> *(/CS<5pJ. 

When P x = la, we recover Gaitsgory's original nearby cycles functor 

Z x := Zi x : Sat -> Perv(FL) 

In |G01[ Theorem 1], Gaitsgory proves that Z X (K) is in fact left-I x -equivariant and is convolution exact 
and central: for any T G Perv(I x \L x G/I x ), Z X {K.) * T is perverse and there is a canonical isomorphism 
Z X {JC) * J 7 = J 7 * Z X (JC). Here * denotes the convolution product on D b (I X \L X G /I x ) . 
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Now we relate Zp x to Z x . Define GRj_ Sl in a similar way as GRx-s*, except we replace P x by l x 
We have a commutative diagram 



F1 T <- 



■GR', 



x-s* 

PX-S* 



^GRx-s x Fl x 



Flp C 



GRx- 



->GR 



x-s 



x Fl r 



X — S x 



^X-S 



where all squares are Cartesian and p x and px-s* ar e proper. Since nearby cycles commute with proper 
base change, we have an Gal(i^/i^)-equivariant isomorphism 

(4.1) Z Fx {K) =^(KMS P J =y(K® Px ,J lx ) ^p^ilC^SjJ = p x ,*Z x (K). 

Let Cp m G D b (I x \L x G/I x ) be the constant sheaf on I X \P X /I X , which, up to a shift, belongs to Perv(L J ,\L. I .G/I. I ;) 
Therefore we have a canonical isomorphism 

(4.2) PlZ-p^K) = p* x p Xt *Z x (lC) = Z X {JC) * G P:c S G Pr * Z B (/C) 

In the second equality above we have used the centrality of Z X (JC). Any object of the form Cp x * (— ) 
is equivariant under the left action of P x on FLj because Gp^ is, therefore p x Zp x (K.) is also left P x - 
equivariant, hence descends to an object in Perv(P x \L x G/P x ). 

Let T € Z3 6 (BunG(P :E ; x e S)) be a Hecke eigensheaf with eigen local system £ : Sat — > Loc(X — S). 
Let uq : Specfc — > BunG(Pa;; x G S) be a base point. 

4.1.3. Lemma. For each JC G Sat, there is a canonical isomorphism 

u* F®£()C)\s pec F S =u* T x (Z Fx (1C),F). 

which is equivariant with respect to the G&\(F X / F x )- action (on the right side it acts on the nearby cycles 
ZpJIC)). 

Proof. The argument is the same as in [HNYlOl Section 4.3]. □ 

4.1.4. Corollary. For any JC G Sat, £ (/C) € hoc(X — S) is tamely ramified and the monodromy at every 
x G S is unipotent. 



Proof. Pick a point uq such that u^F ^ 0. By Gaitsgory's result |G011 Proposition 7], G&\(F X / F x ) acts on 
Z x (fC) tamely and unipotently, hence the same is true on Zp (JC) by (|4.ip . and on £(/C)|s pC cF by Lemma 

rroi □ 

In our applications, we will consider S = {0,1, oo} and consider Bun instead of Bunc(Po, Pi, Poo)- 
The category D h (Bun) oc jd is clearly preserved by the Hecke operators at 1 or oo. Corollary 14.1.41 shows 
that £ is tame at 1 and oo. 

4.2. Local monodromy. For a closed point of s e P 1 , let I x C Gal(F x / F x ) be the inertia group at x. 
Let 7* ame be the tame quotient of I x . Since we only care about the action of the inertia groups in this 
section, we assume k is algebraically closed. 

4.2.1. Proposition. Under the homomorphism pk, a topological generator of I[ ame gets mapped to a regular 
unipotent element in G(Q^). 

Proof. We would like to use the argument of [HNY101 Section 4.3]. The only thing we need to show 
is that, for each irreducible object ICs G L> fc (Ii\LiG/Ii) (indexed by an element w in the affine Weyl 
group W), where w ^ 1, we have Ti(IC^,J r ) = for any object T G Z3 b (Bun) 0( jd- Since w ^ 1, 
there exists a simple reflection Si such that w = w'si and £(w) — £(w') + 1. Let Pi,; be the parahoric 
subgroup of LiG generated by Ii and the root subgroup of —on (the simple root corresponding to Si). 
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Let pi : Fl = L x G/lx 
IQ.ffi g D h {l l \L 1 G/V 1 , 
t = 1: 



Bun 

and define a Hecke operator: 



► FL; = LiG/Pij be the projection. Then IC{j = plIC^s for some object 
With the Pi j-level structure, we may define another Hecke correspondence at 



Hki, 



Ii\LiG/Pi 




Bun G (P ,Pi,i,P oo ) 



Ti(IC iiN ,-) :D b (Bun) , 



dd -> J D b (Bun(P ,Pi, l ,P oo ))odd 



Let 



: Bun = Bun(Po, Ii, Poo) — > Bun G (Po, Pi,i, Poo) be the projection. Then we have 

T^IC^jJ 7 ) = pJ UIlii Ti (IC^ J 7 ). 



We now claim that the category £> b (Bun(P , Pi,i, Poo))odd is zero, which then implies Ti(IC{s, J 7 ) = 
and completes the proof. 

Let W G D b (BunG(Po, Pi.i, Poo))odd be a nonzero object. We view % as a X-equivariant complex on 
Buii g (Pq , Pi j, Poo)- Let v : Specfc — > Bun G (Pj, Pi,i, Poo) be a point where the stalk of % is nonzero. 
Let qi : Bun + — » Bun G (Po", Pi,», Poo) be the projection, whose fibers are isomorphic to Pij/Ii = P 1 . 
Then (v) G U because % has to vanish outside U C Bun + be Theorem 12.4.21 We have the following 
Cartesian diagram 



pi 



[PVAut(t))] 



[M/Aut(i,)]< 



^Bun + 

Bun G (P+,Pi, I ,P 00 



Since i v is representable, so is its base change i' v , which implies that the action of Aut(w) on P 1 is free. 
On the other hand, the morphism P 1 — > [P 1 /Aut(w)] <—> U has to be constant because P 1 is proper while 
U is affine. Therefore Aut(u) acts on P 1 both freely and transitively. This implies P 1 is a torsor under 
Aut(w). However P 1 is not isomorphic to any algebraic group. Contradiction! Hence T-L has to be zero 
everywhere. □ 



4.2.2. An involution in G. By the construction of the canonical double cover in Section I2.1.61 we have 
X* (T)/X» (T) = Z/2Z, where T is the preimage of T in K. This defines an order two character 

X»(T) -» X*(T)/X*(f ) Si Z/2Z ^ {±1} 

and hence an element k G T[2]. One can check case by case that when G is of type Ai,D2 n , Er, Eg or G2, 
K is always a split Cartan involution in G (see Section [232]) . 

4.2.3. Proposition. The local system £k is tame at 0. Under the homomorphism pk, a topological generator 
j jtame g e ^ s mapped to an element with Jordan decomposition g s g u € G(Qi), where the semisimple part 
g s is conjugate to k G T[2]. 

Proof. Pulling back the double covering Po — > Po to Io C Po, we get a double covering Io — > Io- The 
reductive quotient of Io is T. We will consider the moduli stack Bun G (Io, Ii, Poo), defined similarly as 
Bun. As we discussed in Section [2.4.11 we can define the category such as Z? b (Bun G (I , Ii, Poo))odd and 
_D b (ioG/Io)odd etc. The inclusion Iq <-> Pq gives a projection 



p : Bun G (I ,Ii, ± C 



Bun G (P ,Ii,Poo) =Bun. 
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Let j\F be the Hecke eigensheaf with eigen local system £ . The complex p*j\J- is clearly also a Hecke 
eigensheaf on Bunc(Io, Ii, Poo) for the Hecke operators on P 1 — {0, 1, 00} with the same eigen local sys- 
tem £ . Therefore it suffices to prove a stronger statement: for any nonzero Hecke eigensheaf T on 
Bun(j(Io, Ii, Pqo) with eigen local system £, the G-local system £ is tamely ramified and the semisimple 
part of the local monodromy is conjugate to n. 

We need another variant of Gaitsgory's nearby cycles construction allowing sheaves which are mon- 
odromic with respect to the torus action. This variant is sketched in (BFO09t Section 2.1 and 2.2]. Let 
us be more specific about the version we need. There is a family GRpi.^ interpolating Gr^. x L G/I 
and LqG/Iq 

LqG/Io^ 9- GRpi_| l oo } 5 GRpi_{o,i,oo} x L G/Iq 

{0}< P 1 - {1, 00} < 5P 1 - {0, 1, 00} 

Let <5 dd <E Perv(LoG/Io) be the rank one local system supported on Io/Io on which /x| er acts by the sign 
representation. Using the nearby cycles of the above family, we define 

4: Sat -> Pcrv(I \L G/I )odd 
K ^ *(/C GR M S odd ). 

Here the subscript "odd" in Perv(I \L G/Io) dd means taking those objects on which both actions of p^ cr 
(from left and right) are through the sign representation. The derived category D b (I \LoG/Io)odd still 
acts on D b (Bun G (I , Ii , Poo))odd, using the same construction as in Section |4~T1 We denote this action by 

Tq : ^ b (fo\L G/f )odd x ^ b (Bun G (f ,I 1 ,P oo )) odd -► £> 6 (Bun G (f , Ii, Poo))odd. 
We also have a variant of Lemma 14.1.31 there is an io-equivariant isomorphism 
(4.3) u* F®£(1C)\ SpecFS *ivZF (Z' (K),7). 

for any JC £ Sat. By |AB09[ Section 5.2, Claim 2], the monodromy action on ZqQC) factors through the 
tame quotient (the Claim in loc. cit. requires the family to live over A 1 and carry a G m -action compatible 
with the rotation action on A 1 . In our situation, we can extend GRpirj to GR41 by ignoring the level 
structure at 1, and the rotation action on P 1 induces the desired action on GR^i). Therefore the local 
system £(JC) is tame at for any /C. 

The following argument is borrowed from [BFO091 Section 2.4 and 2.5], to which we refer more details. 
There is a filtration F\ (indexed by A £ X*(T), partially ordered using the positive coroot lattice) of 
Zq(JC) with Grf Zq(£) isomorphic to a direct sum of the Wakimoto sheaf J\. Moreover, the monodromy 
operator m(JC) on Z' n (JC) preserves this filtration, and acts on Grf Z' Q {1C) by k(A) (recall any element 
in T(Qg) is a homomorphism X»(T) — > Q^). Therefore, we can write m(/C) into Jordan normal form 
m(JC) s m(JC) u = m(IC) u m(JC) s . Here both m()C) u and m(JC) s preserve the filtration F\, m(IC) s is an 
involution which agrees with the m(/C)-action on Gr A Z' (IC) and m(JC) u is unipotent which acts as identity 
on Grf Zq(JC). On the other hand, let Co £ Jq 3,1110 be a topological generator, and let Pk((o) — 5sffu = 9u9s 
be the Jordan decomposition of Pk((o) i n G(Qe). Since the isomorphism (|4.3j) intertwines the action of 
Pfc(Co) ° n £{fc)\spccF a and the action of m(/C) on Zq(JC), it must also intertwine the <7 s -action and the 
m(/C) s -action by the uniqueness of Jordan decomposition. 

Let A be the full subcategory of Perv(Io\£oG/Io)odd consisting of those objects admitting nitrations 
with graded pieces isomorphic to Wakimoto sheaves. Let Gr^4 be the full subcategory of A consisting of 
direct sums of Wakimoto sheaves. Then Gr.4 = Rep(T) as tensor categories, and the functor 

Rep(G, Q t ) S Sat % A GtA = Rep(T , Q e ) 
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is isomorphic to the restriction functor Res- : Rep(G) — > Rep(T) induced by the inclusion T <-> G. 
The semisimple part of the monodromy operator {7n(X) s }K;eSat acts as an automorphism of Reslp, hence 
determines an element r £ T(QA = Aut®(ResS). The above discussion has identified the action of r on 
Wakimoto sheaves (which correspond to irreducible algebraic representations of T under the equivalence 
GtA — Rep(T)), hence r = K. To summarize, {m()C) s }ic£Sa,t gives a tensor automorphism of the fiber 
functor lu : Sat = Rep(G) Rep(T) — ► VecQ^ which is the same as k. 

On the other hand, g s gives an automorphism of another fiber functor uj 1 : Sat — > VecQ^, given by taking 
the fiber at Specif . Since g s corresponds to m(/C) s under (|4.3|) . upon identifying the fiber functors u) and 
a/, g s and k should be the same automorphism, i.e., they are conjugate elements in G(Qi). This proves 
the Proposition. □ 

4.2.4. Proposition. Suppose G is not of type A\. Under the homomorphism p^, a topological generator 
of I™ sae gets mapped to a unipotent element in G(Qi) which is neither regular nor trivial. 

Proof. Let (oo £ I^ me be a topological generator. Let N = \og(pk((oo)) , which is a nilpotent element in 
?• 

We first argue that N is not regular. Suppose it is, then it acts on g with a Jordan block of size 2h — 1, 
where h is the Coxeter number of G. In other words, Ad(N) 2h ~ 2 ^ on |. Let 7 be the coroot of G 
corresponding to the highest root of G. Then IC 7 £ Sat corresponds to the adjoint representation of G 
under the Satake equivalence (|3.1[) . In Section |4~T1 we recalled the parahoric variant of Gaitsgory' nearby 
cycles functor Zp^. By Lemma 14.1.31 we have an /oo-equi variant isomorphism 

(4.4) V x ® £ (IC 7 )| SpecFi S vZT 0O (Z Pae (J.CJ,j l r x ). 

where 1^ acts trivially on V x . In particular, the action of N on the left side is reflected from the logarithm 
of the monodromy action on Zp^ (IC 7 ). By (|4.2j) . we have an isomorphism which respects the monodromy 
operators 

Let M be the logarithm of the monodromy operator on Z 00 (IC 7 ), and M' be the induced endomorphism 
of Zoo(IC 7 ) * Cp^, which intertwines with the logarithm monodromy on Zp x (IC 7 ), hence with N via 
flU}. Since we assumes Ad(iV) 2 ' 1 - 2 ^ 0, we must have {M') 2h - 2 ^ on Z DO (IC 7 ) * C Poo , and M 2h - 2 is 
also nonzero on Z oc (IC 7 ). 

The following argument uses the theory of weights. For char(fc) > 0, every object in concern comes 
from a finite base field F g , hence we may assume k = ¥ q and use the weight theory of Weil sheaves. For 
char(fc) = 0, every object in concern comes from a number field L, and we may still talk about weights by 
choosing a place v of L at which all objects have good reduction. 

The object Zoo(IC 7 ) has a Jordan- Holder series whose associated graded are Tate twists of irreducible 
objects IC{5 for w £ W . In [GH06j Theorem 1.1], Gdrtz and Haines give an estimate of the weights of the 
twists of IC/2 appearing in ^ oc (IC 7 ): ICa appears with weight in the range [£(w) — ^(7)^(7) — £(w)] (note 
the different normalization we take here and in |GH06j : we normalize IC{j and IC 7 to have weight zero while 
in |GH06j they have weight t(w) and £(j) respectively). Here £(j) is the length of the translation element 7 
in W, and in fact £(7) = (2p, 7) = 2h — 2. Since the logarithmic monodromy operator decreases weight by 
2, the subquotients isomorphic to (a twist of) IC{j are killed after applying M for £(7)— £(w) — 2h — 2—£(w) 
times (if this is negative, this means ICa does not appear in Zoo(IC 7 ) at all). Therefore, only the skyscraper 
sheaf S = IC e survives after applying M for 2ft, — 2 times, i.e., M 2h ~ 2 factors as 

M 2h ~ 2 : Z QO (IC 7 ) -» <5(1 -h)^> Z oc (IC 7 )(2 - 2h) 

Here the first arrow is the passage to Gr^_2^c»(IC 7 ), the maximal weight quotient, and the second 
arrow is induced from S(h — 1) = Gr^ 2;i Z 00 (IC 7 ) ^ Z tx) (IC 7 ), the inclusion of the lowest weight piece. 
Consequently, M' 2h ~ 2 factors as 

(4.5) M' 2h - 2 : Z co (IC 7 ) * C Poa -> C Poc (1 - h) -»■ Z oc (IC 7 ) * C Poc (2 - 2h). 
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Making a shift of Gp^ , we may normalize it to be a perverse sheaf, so that the above sequence is in the 
category V = Perv(I 00 \LiG/I 00 ). 

To proceed, we need Lusztig's theory of two-sided cells and Bezrukavnikov's geometric result on cells. 
Let c be the cell containing the longest element of wk & Wk (note that IC WK is a twist of Cp^ ) . Let 
V<c (resp. V<c) be the full subcategory of V generated (under extensions) by {IC{j} where w belongs to 
some two-sided cell < c (resp. < c). Let Vc = V<JV<c be the Serre quotient. Since Gp^ € V<c, we have 
Zoo(fc) * Cp^ C V< c - The element u>k £ c is a distinguished (or Duflo) involution(see |L87[ Section 1.3] 
for definition, which uses the a-function on two sided-cells jL851 Section 2.1]. In our case, we may apply 
[L851 Proposition 2.4] to show a(wx) = £(wk), which forces wk to be a Duflo involution by definition). 
In |B04[ Section 4.3], Bezrukavnikov introduces a full subcategory A WK C Vc generated by the image of 
all subquoticnts of Z^K) * IC WK in the category Vc, as JC runs over Sat. It is proved there that A WK 
has a natural structure of a monoidal abelian category with unit object the image of Gp^ , such that the 
functor 

JC M- [Zoo(/C) *G P J 

is monoidal. Here we use [— ] to denote the passage from V< £ to Vc- By [B041 Theorem 1], there is 
a subgroup H C G and a unipotent clement u WK G G(Q^) commuting with H, and an equivalence of 
tensor categories & WK '■ A WK = Rep(-ff) such that the following diagram is commutative (by a natural 
isomorphism) 

Sat -^wx 

l Satakc 

Rep(G) 5- Rep(J?) 

where Res? is the restriction functor. Moreover, the monodromy operator on Z oc (— ) induces a natural 

automorphism of Res^,^, which corresponds to the natural automorphism of u WK on Res?. There is a 
bijection defined by Lusztig |L89| Theorem 4.8(b)] 

{two sided cells of W} —> {unipotent classes in G} 

By [B041 Theorem 2], the unipotent element u WK is in the unipotent class corresponding to c under 
Lusztig's bijection. Since G is not of type A\, £(wk) > 0, hence u WK is not the regular unipotent class 
(this is because a(wx) = 1(wk) > 0, while the two-sided cell corresponding to the regular class has a- value 
equal to 0). Therefore \og(u WK ) 2h ~ 2 is zero on g, because only regular nilpotent elements have a Jordan 
block of size 2h — 1 under the adjoint representation. Because log(u WK ) intertwines with the logarithmic 
monodromy on Res lUjc (— ), the logarithmic monodromy M' on [Z oc (IC 7 )*Gp oo ] = ReSu, K (IC 7 ) must satisfy 
M' 2h ~ 2 = 0, as a morphism in the Serre quotient Vc- Hence M' 2h ~ 2 as a morphism in the category V< £ 
factors as 

M' 2h - 2 : Z 00 (IC 7 ) * G Poo Q ^ ^oo(IC 7 ) * G Poc (2 - 2h). 

where the image Q lies in V<c- However, we have another factorization (|4.5j) . hence there must be an 
arrow q : Q — > Gp oo (l — h) through which the inclusion Q Zoo(IC 7 ) * Gp oo (2 — 2h) factors. However, 
Gp^ is an irreducible object of V< c which does not lie in "P <c while Q £ V< c > such an arrow q must be 
zero. This means M /2h ~ 2 = as a morphism in V< c or V, which contradicts our assumption. This proves 
that N is not regular. 

It remains to show that N =^ 0. Suppose N = 0, then the local system £ is unramified on P 1 — {0, 1} and 
tame at (by Proposition 14.2.31) and at 1 (by Corollary 14. 1.4|) . The tame fundamental group 7Ti amc (P 1 - 
{0, 1}) is topologically generated by one element, which is both the generator of /* amc and J* amc . Since the 
local monodromy at 1 is unipotent element while the local monodromy at is not according to Proposition 
I4.2.3[ this is impossible. Therefore N is neither zero nor regular, proving the Proposition. □ 
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4.2.5. Remark. When G is of type A\, P,^ is also an Iwahori subgroup. The same argument as in 
Proposition 14. 2 .11 shows that the local monodromy at oo is also regular unipotent. 

4.3. Global geometric monodromy. In this section, we assume k to be an algebraically closed field, 
and we study the Zariski closure of the image of pk (also called the geometric monodromy group of the 
local system £). 

4.3.1. Theorem. Let G p be the Zariski closure of the image of pk- Then the neutral component of G p is 
a semisimple group, and 

(=G if G is of type A U E 7 , E 8 or G 2 

G p <DS0 4n -i if G = PS0 4 „,n>3 
[dG 2 ifG = PS0 8 . 

Proof. Let H be the neutral component of the Zariski closure of the image of pk . 
We first claim H is a semisimple group. 

For char(fc) > 0, we may assume k = F p for some prime p \ 21. Then by Theorem I3.2.2T 4) . £ (K) is pure 
of weight zero, hence geometrically semisimple by [BBD82, Corollaire 5.4.6]. Our claim then follows from 
[D801 Corollaire 1.3.9] (in |D80j . Deligne remarked that the proof only uses the fact that the local system 
is geometrically semisimple). 

For char(fc) = 0, we may reduce to the case k = C. By the description of £ (K.) given in Section (|3.17p . 
it is a direct summand of a semisimple perverse sheaf of geometric origin along the proper map GR<a — > 
P 1 — {0, l,oo}, therefore it is semisimple by the Decomposition Theorem BBD82, Theoreme 6.2.5]. This 
implies H is a reductive group. Now suppose S° = H ah is nontrivial. Then %\ (P 1 — {0,1, oo}) maps densely 
into an algebraic group S'(Q^) with neutral component S° being a torus. The group 7Ti(P 1 — {0, l,oo}) 
is topologically generated by the loops Co,Ci an d Coo around the punctures. We have already seen from 
Proposition 14.2.11 and I4.2T41 that Pk(Ci) an d Pk(Coo) are unipotent, hence have trivial image in S(Qi). By 
Proposition ^. 2.3[ Pk(Co) nas semisimple part of order 2, therefore the image of 7Ti(P 1 — {0, 1, oo}) in S(Qe) 
is generated by an element of order at most 2, so cannot be Zariski dense. This contradiction implies that 
S° is trivial, i.e., H is semisimple. 

By Proposition 14 . 2 . Jl H contains a regular unipotent element. Hence if is a semisimple subgroup of 
G containing a principal PGL2. According to Dynkin's classification (see |FG09[ Page 1500]), either H is 
the principal PGL 2 , or H = G, or H = S0 4n -i if G = PS0 4 „, or H = G 2 if G = PSO s . 

If G is not of type A\ , by Proposition 14.2.41 the geometric monodromy at 00 is unipotent but neither 
trivial nor regular, therefore not in the principal PGL2. Hence H cannot be equal to the principal PGL2. 
This finishes the proof. □ 

4.4. Image of Galois representations. In this section, we work with the base field k = Q. For any 
rational number x £ Q\{0, 1}, we get a closed point i x : SpecQ ^ Pq — {0, 1, 00} and hence an embedding 
i Xi # : Gal(Q/Q) — > tti(IPq — {0,1, 00}), well-defined up to conjugacy. Restricting the representation pq 
(attached to the G-local system £q) using i x ,#) we get a continuous Galois representation 

Px : Gal(Q/Q) -> G(Q e ). 

A variant of Hilbert irreducibility |T851 Theorem 2] shows that for x away from a thin set of Q, the image 
of p x is the same as the image of pq, and therefore Zariski dense if G is of type Ai,Ej-, Eg or G2 by 
Theorem 14.3. II We would like to give an effective criterion for p x to have large image. 

4.4.1. Proposition. Let p : Gal(Q/Q) — > G(Qe) be a continuous t-adic representation. Suppose 

(1) For almost all primes p, p p := /9| Ga i(-Q /q j is unramified and pure of weight 0; 

(2) For some prime p' ^ i, p p > is tamely ramified, and a topological generator of the tame inertia 
group at p' maps to a regular unipotent element in G(Q^); 

(3) The local representation pi is Hodge-Tate (i.e., for any algebraic representation V ofG, the induced 
action of Ga\(Qi/(Je) on V is Hodge-Tate). 
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Let G p C G be the Zariski closure of the image of p. Then the neutral component G° is a reductive 
subgroup of G containing a principal PGL2. 

Proof. The proof is partially inspired by Scholl's argument in [S06[ Proposition 3]. 

Let R C G° be the unipotent radical and let H be the connected reductive quotient G°/R. All these 
groups are over Q^. 

Let V be an algebraic representation of G, viewed as a Gal(Q/Q)-module via p. We first claim that 
for any subquotient V' of V as a Gal(Q/<Q>)-module, det(V) is a finite order character of Gal(Q/Q). In 
fact, since p is Hodge- Tate, so is V . Hence we can write det(V') = x^e for some finite order character e 
of Gal(Q/Q) and some integer N, where \i 1S the ^-adic cyclotomic character. By (1), det(V') is pure of 
weight zero at almost all p, hence Frob p acts on det(V) by a number with archimedean norm 1. However, 
Xe(Frob p ) — p, hence N = 0. This implies det(V') is a finite order character of Gal(Q/Q). 

By assumption G°(Qi) contains a regular unipotent element u, which is the image of a topological 
generator of the tame inertia group at p'. Let N — log(u) G g. Let s be the image of a (lifting of the) 
Frobenius at p' . Then Ad(s)iV = p'N. Since N is regular nilpotent, the element s is semisimple and 
well-defined up to conjugacy. The action of s on g determines a grading 

(4-6) fl = 0fl(n) 

nez 

such that s acts on g(n) by (p') n , and N : g(n) —> g(n + 1). In fact, taking N to be the sum of simple 
root generators, this grading is the same as the grading by the height of the roots. In particular, g(n) 7^ 
only for 1 — h < n < h — 1, where h is the Coxeter number of G, and dimg(l — h) = dimg(/i — 1) = 1. 
Moreover, the map 

(4.7) N 2n : J(-n) -> fl(n) 

is an isomorphism for any n > 0. 

For any subquotient G p -module V of g, we can similarly define a grading V — (§) n V(n) under the 
action of s. We say V is symmetric under the s-action if dimV^(-n) = dimV(Ti) for any n. 

The action of the unipotent group R on g gives a canonical increasing filtration of g: FqQ = 0, 
Fig/Fi_iQ — ($/Fi-{Q) R . Therefore G p acts on each Grf g via the reductive quotient G p /R. 

We claim that for each i, the associated graded G p -modules Grfg are symmetric under the s-action. 
In fact, it suffices to show that each Fig is symmetric under the s-action. Since (|4.7[) is an isomorphism, 
N 2n : Fig(-n) — > Fig(n) is injective. Hence dim Fig(-n) < dimi 7 ig(n) for any n > 0. On the other hand, 
we argued that det(F,g) is a finite order character of Gal(Q/Q), so s can only act on det(i^g) as identity. 
This implies that d\mF{g(—n) — dim F{g{n) for all n. 

Let N £ t) — LicH be the image of N. There is a unique i such that Grf g(— h + 1) 7^ 0, hence 
Grf g(m) 7^ by the Claim. The iteration 

~N 2h ~ 2 : Gvfg(-h + 1) -> Grf g(h - 1) 

is necessarily an isomorphism: for otherwise N 2h ~ 2 g(~h + I) = g(h — 1) would fall inside Fi-xQ, contra- 
diction. Therefore N acts on g with a Jordan block of size 2h — 1. 

Let l : H — >• G° be any section (a group homomorphisni). Now i(N) acts on Grfg with a Jordan block 
of length 2h—l, therefore the action on g has a Jordan block of size > 2h— 1. However, the only nilpotent 
class in g with a Jordan block of size > 2h — 1 under the adjoint representation is the regular nilpotent 
class. Hence l(N) is a regular nilpotent class in g. Since l{H) is a reductive group, it contains a principal 
PGL 2 C G. 

Now fix such a principal PGL2 C l{H). Consider the adjoint action of PGL2 on g. The action of the 
maximal torus of PGL2 induces a similar grading as in (|4.6I) . with g(0) a Cartan subalgebra of g. The Lie 
algebra r of R is a PGL2-submodule of g consisting entirely of nilpotent elements. However, any nonzero 
PGL2-submodule of g has a nonzero intersection with g(0), hence containing nonzero semisimple elements. 
This forces R to be trivial. Therefore G p is a reductive subgroup of G containing a principal PGL2. □ 
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Recall that in Proposition 13.2. 81 we have extended the local system £q to ^z[i/2£N] ~ °°} f° r some 
integer N. 

4.4.2. Proposition. When G is of type Ai,E 7 ,E s or G 2 . 

(1) Let (a,b) be nonzero coprime integers such that both a — b and b have prime divisors not dividing 
2£N . Let x = $. Then the image of p x is Zariski dense in G(Qi). 

(2) There are infinitely many rational numbers x € Q— {0, 1} such that p x are mutually non-isomorphic 
and all have Zariski dense image in G(Q(). 

Proof. (1) For each prime p, let I p C Gal(Q p /Q p ) be the inertia group. Let Z C Pz[i/2£N] ^ e ^ ne closure 
of the Q-point x, then the projection it : Z —> SpecZ[l/2£7V] is an isomorphism. For any prime p \ 2£N, 
the reduction of Z at p is a point x. p e P 1 (F p ). Then the proof of |DR10[ Proposition A. 4] shows the 
following fact: p x (I P ) is contained in the image of pr p \i Xp {Ix p C G&\(F p (t) s /¥ p (t)) being the inertia of the 
point x p G P 1 (F P )); moreover, if pw p \i :Cp is tame and unipotent, p x \i p is also tame and maps to the same 
unipotent class. Using the calculation of the local monodromy in Section l4~2l we have for any p\ 2£N, 

• If p | a — b (hence x p = 1), then p x {L p ) contains a regular unipotent element; 

• If p | b (hence x p = oo) and G is not of type A\, then p x (L p ) contains a unipotent element which 
is neither trivial nor regular. 

• If p does not divide ab(a — b), then p x is unramified at p. 

We check that p x satisfies the assumptions of Proposition 14.4.11 the unramifiedness of condition (1) is 
check above and purity is proved in Theorem 13.2.2( 4'); condition (2) is also checked above since we do 
have a prime p \ a — b and p \ 2£N; the Hodge- Tate condition (3) follows from the motivic interpretation 
fProposition l3.3.3|) and the theorem of Faltings |F88] . Applying Proposition 14.4. ll to p x , we conclude that 
the Zariski closure G Px of the image of p x is a reductive subgroup of G containing a principal PGL2. 
Moreover, if G is not of type A\, it contains another unipotent element which is neither regular nor 
trivial. The argument of Theorem 14.3.11 then shows that the derived group of G Px (which is semisimple 
and contains a principal PGL 2 ) is already the whole G. 

(2) Choose an increasing sequence of prime numbers 2£N < pi < pi < ■■■■ Define Xi — Pi p p ^ 1 , 
i = 1,2, Then Xj satisfies the conditions in (1), and the place where p Xi has regular unipotent 
monodromy is pi together with possibly certain places dividing 2£N . Therefore these p Xi are mutually 
non-isomorphic and all have Zariski dense image in G(Qi). □ 

4.5. Application to the Inverse Galois Problem. 

4.5.1. Betti realization of the local system. We work with k = C and use analytic topology instead of 
etale topology. We change £-adic cohomology to singular cohomology. The main results in the previous 
discussion still hold in this situation. In particular, for each \ € ^4o dd' we S e ^ a representation of the 
topological fundamental group 

(4.8) p^ : ^(Pi - {0, 1, 00}) -> G(Q). 

4.5.2. Theorem. For sufficiently large prime £, the finite simple groups E%{¥g) and G^^z) are Galois 
groups over Q. 

Proof. Let G be of type E% or G^. We write p l ° p simply as p top . 

In the motivic interpretation of £ qm given in (|3.14p . we may work with Z-coefficients in the analytic 
topology (resp. Z^-coefficients in the etale topology). For sufficiently large prime £, -2 (Yq/Pq — 

{0, 1, 00}, Z^) 0( jd is a free Z^-module of rank n — dimV qm . Also, there exists an integer Ni such that 
Hf V ^ 2 (? c an /Pp' an - {0, 1, 00}, Z[l/Ai]) odd a free Z[l/Ai]-module of rank n. This integral lattice gives an 
integral form of G over Z[l/JVi], which, after enlarging N\, is assume to be isomorphic to the restriction 
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of the Chevalley group scheme of the same type as G. Therefore for primes I \ N\, the comparison 
isomorphism between singular cohomology and £-adic cohomology gives a commutative diagram 

(4.9) ^ to P(pi - {0, 1, oo}) -^X GL„(Z[l/JVi]) n G(Q)"^ G(¥ e ) 

tti(P4 " {°. °°}) m ' GL n {Z e ) n G(Q,) 

We claim that the first row in the above diagram is surjcctive for large I. Let H c G(Q) be the image 
of p top , which is finitely generated because 7r 1 op (Pf, — {0,l,oo})isa free group of rank 2. Since pq has 
Zariski dense image in G(Qi) (by Theorem 14.3. 1]) and 7r* op (P£ — {0, 1, oo}) is dense in 7Ti(P^ — {0, 1, oo}), 

p top also has Zariski dense image in G(Q). Therefore II C G(Q) is both finitely generated and Zariski 
dense. By [MVW84, Theorem in the Introduction], for sufficiently large prime £, the reduction modulo I 
of II surjects onto G(F^). 

Consequently, in the diagram (|4.9[) . the composition rg o pq is also surjective for large I. Finally we 
apply Hilbert irreducibility theorem (see |S921 Theorem 3.4.1]) to conclude that there exists a rational 
number x G Q - {0, 1} such that r e o p x : Gal(Q/Q) GL„(Z^) n G(Q e ) -> G(¥ e ) is surjective. This 
solves the inverse Galois problem for the finite simple group G(F^). □ 

4.6. Conjectural properties of the local system. 

4.6.1. Local monodromy. Lusztig has defined a map |L10) 

{conjugacy classes in W} — » {unipotent classes in G} 

In particular, if — 1 G W gets mapped to a unipotent class v in G, which has the property that 

dimZg(u) = — ^— . 

We tabulate these unipotent classes using Bala-Carter classification (see |C85] ]) 



Type of G 


the unipotent class v 


D 2n 


Jordan blocks (1, 2, • • • , 2, 3) 


E 7 


AA 1 


E s 


4Ai 


G 2 


Ax 



4.6.2. Conjecture. Under pk, a topological generator of the tame inertia group /^ me gets mapped to a 
unipotent element in the unipotent class v. 

We also make the following conjecture on the local monodromy at 0. 

4.6.3. Conjecture. Under pk, a topological generator of the tame inertia group J* ame gets mapped to an 
element conjugate to k G T[2] in Section \4-2.2\ In other words, the unipotent part of the local monodromy 
at is trivial. 

Coni ect ure 14.6.21 and Coniecture l4.6.3l would imply that in the case of G2, our local system is isomorphic 
to the one constructed by Dettweiler and Reiter in [DRIOj , because they checked there is up to isomorphism 
only one such local system with the same local monodromy as theirs. 

4.6.4. Rigidity. Assume G is of type £7, Eg or G2. Consider the adjoint local system Ad(£ ) associated to 
the adjoint representation of G. Let j!*Ad(£ ) be the middle extension of Ad(£) to P 1 . Then we have an 
exact sequence (cf. [HNY101 proof of Proposition 5.3]) 

(4.10) -> g Ia ®Q h ®0 /o ° -> H^P 1 - {0, l,oo}, Ad(£)) -> H^P 1 , ji*Ad(£)) -> 0. 

4.6.5. Conjecture. The local system £ is cohomologically rigid, i.e., H (P 1 , ji*Ad(£)) = 0. 
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We make the following simple observation. 

4.6.6. Lemma. Any two of the three Conjectures ^. \4-6.3\ and \4-675\ imply the other. 

Proof. Since Ad(£) is tame and has no global sections, dimH^P 1 — {0, 1, oo}, Ad(£ )) = dimG by the 
Grothendieck-Ogg-Shafarevich formula. Also note that g 11 = rkG because a generator of /* amo maps to a 
regular unipotent element by Proposition 14 . 2 . 1"! Therefore the exact sequence (|4.10j) implies 

dimg /o + dim^ + dimH x (P\ j|*Ad(£)) = dimG - rkG = #3> G . 

Conjectures 14.6.21 and 14.6.31 imply Conjecture 14.6.51 because then g Io ° = q v has dimension #$g/2 and 
gi — gK a j g0 nag (Ji meil si 0I1 ^$ G /2 because n is a split Cartan involution (see Section 14.2.2)) . 

Conjectures 14.6.31 and [4~5751 imply Conjecture 14.6.21 because then dimg /o = — dim J 11 = #<&g/2 

while g Ia C Q K (which has dimension #$g /2) by Proposition l4.2.3l which forces g /o = g K and the unipotent 
part of the local monodromy at must be trivial. 

Conjectures 14.6.21 and 14.6.51 imply Conjecture 14.6.31 because then dimg /o ° = #<£>g ~ dimg K = #$ G /2 
and v is the only unipotent class with this property by checking tables in |C85j . □ 

4.6.7. Global monodromy. Theorem 14 . 3 . 1 1 does not completely determine the geometric monodromy group 
of £ in type D 2n . It would be interesting to determine them. Note that the pinned automorphism group 
Out(G) permutes the odd central characters Aq odd nontrivially. For those x which are fixed by Out(G), we 

expect the geometric monodromy of £ x to be G° ut ( G \ for the same reason as [HNY101 Section 6.1]. How 
about those x which are not fixed by Out(G)? In the case G is of type D4, is the geometric monodromy 
G 2 or S0 7 or PS0 8 ? 

4.6.8. Rigid triples. In inverse Galois theory, people use "rigid triples" in a finite group T to construct etale 
F-coverings of Pq — {0, l,oo}, and hence getting T as a Galois group over Q using Hilbert irreducibility. 
For details see Serre's book |S92j . 

Let C\ be the regular unipotent class in G(F^). Let G^ be the unipotent class of v in G(F^) defined in 
Section 14.6.11 Let Go be the conjugacy class of the reduction of k in G(Fe). 

4.6.9. Conjecture. Let G be of type Eg or G2. Then (Go,Gi,Goo) form a strictly rigid triple in G(F^). 
In other words, the equation 

(4.11) 5offi.9oo = l,.9i € Ci for i = 0,1, 00 

has a unique solution up to conjugacy in G(F^) 7 and any such solution {go, gi, g<x>} generate G(F^). 

Acknowledgement The author would like to thank B. Gross for many discussions and encouragement. 
In particular, the application to the inverse Galois problem was suggested by him. The author also thanks 
D.Gaitsgory, S.Junecue, N.Katz, G.Lusztig, B-C.Ngo, D.Vogan and L.Xiao for helpful discussions. The 
work is supported by the NSF grant DMS-0969470. 

References 

[A04] Adams, J. Nonlinear covers of real groups. Int. Math. Res. Not. 2004, no. 75, 4031-4047. 

[ABPTV07] Adams, J.; Barbasch, D.; Paul, A.; Trapa, P.; Vogan, D. A., Jr. Unitary Shimura correspondences for split real 

groups. J. Amer. Math. Soc. 20 (2007), no. 3, 701-751 
[A96] Andre, Y. Pour une theorie inconditionnelle des motifs. Inst. Hautes Etudes Sci. Publ. Math. No. 83 (1996), 5-49. 
[AB09] Arkhipov, S.; Bezrukavnikov, R. Perverse sheaves on affine flags and Langlands dual group (with an appendix by 

R.Bezrukavnikov and I.Mirkovic). Israel J. Math. 170 (2009), 135-183. 
[BBD82] Bcilinson, A.; Bernstein, J.; Deligne, P. Faisceaux pervers. In Analysis and topology on singular spaces, I, 5-171, 

Asterisque, 100, Soc. Math. France, Paris, 1982. 
[B04] Bezrukavnikov, R. On tensor categories attached to cells in affine Weyl groups. In Representation theory of algebraic 

groups and quantum groups, 69-90, Adv. Stud. Pure Math., 40 , Math. Soc. Japan, Tokyo, 2004. 
[BFO09] Bezrukavnikov, R.; Finkelberg, M.; Ostrik, V. On tensor categories attached to cells in affine Weyl groups. III. 

Israel J. Math. 170 (2009), 207-234. 
[C85] Carter, R.W. Finite groups of Lie type. Conjugacy classes and complex characters. Pure and Applied Mathematics 

(New York). A Wiley-Interscience Publication. John Wiley & Sons, Inc., New York, 1985. 



40 



ZHIWEI YUN 



[D71] Deligne, P. Theorie de Hodge. II. Inst. Hautcs Etudes Sci. Publ. Math. No. 40 (1971), 5-57. 

[D80] Deligne, P. La conjecture de Weil. II. Inst. Hautcs Etudes Sci. Publ. Math. No. 52 (1980), 137-252. 

[DM82] Deligne, P.; Milne, J. S. Tannakian categories. Lect. Notes in Math. 900 (1982), 101-228. 

[DR10] Dcttwcilcr, M.; Reiter, S. Rigid local systems and motives of type Gi. With an appendix by M.Dettweiler and N. 

M. Katz. Compositio Math. 146 (2010), no. 4, 929-963. 
[F88] Faltings, G. p-adic Hodge theory. J. Amer. Math. Soc. 1 (1988), 255-299 

[F03] Faltings, G. Algebraic loop groups and moduli spaces of bundles. J. Eur. Math. Soc. 5 (2003), 41-68 
[FG09] Frcnkel, E.; Gross, B. A rigid irregular connection on the projective line. Ann. of Math. (2) 170 (2009), no. 3, 
1469-1512 

[G01] Gaitsgory, D. Construction of central elements in the affine Hecke algebra via nearby cycles. Invent. Math. 144 (2001), 
no. 2, 253-280. 

[G07] Gaitsgory, D. On de Jong's conjecture. Israel J. Math. 157 (2007), 155-191. 

[GH06] Gortz, U.; Haines, T.J. Bounds on weights of nearby cycles and Wakimoto sheaves on affine flag manifolds. 

Manuscripta Math. 120 (2006), no. 4, 347-358. 
[GRY11] Gross, B.H.; Reeder, M.; Yu, J-K. Preprint. 

[GS98] Gross, B. H.; Savin, G. Motives with Galois group of type G2: an exceptional thcta-correspondence. Compositio 

Math. 114 (1998), no. 2, 153-217. 
[HNY10] Hcinloth, J.; Ngo B-C; Yun, Z. Kloostcrman sheaves for reductive groups. arXiv:1005.2765. 

[L85] Lusztig, G. Cells in affine Weyl groups. In Algebraic groups and related topics (Kyoto/Nagoya, 1983), 255-287, Adv. 

Stud. Pure Math., 6, North-Holland, Amsterdam, 1985. 
[L87] Lusztig, G. Cells in affine Weyl groups. II. J. Algebra 109 (1987), no. 2, 536-548. 

[L89] Lusztig, G. Cells in affine Weyl groups. IV. J. Fac. Sci. Univ. Tokyo Sect. IA Math. 36 (1989), no. 2, 297-328. 
[L10] Lusztig, G. From conjugacy classes in the Weyl group to unipotcnt classes. arXiv:1003.0412 

[MM99] Malle, G.; Matzat, B. H. Inverse Galois theory. Springer Monographs in Mathematics. Springer- Vcrlag, Berlin, 1999. 
[MV07] Mirkovic, I.; Vilonen, K. Geometric Langlands duality and representations of algebraic groups over commutative 

rings. Ann. of Math. (2) 166 (2007), no. 1, 95-143. 
[MVW84] Matthews, C. R.; Vaserstein, L. N.; Weisfeiler, B. Congruence properties of Zariski-dcnsc subgroups. I. Proc. 

London Math. Soc. (3) 48 (1984), no. 3, 514-532. 
[PR08] Pappas, G.; Rapoport, M. Twisted loop groups and their affine flag varieties Advances in Math. 219 (2008), 118-198. 
[S06] Scholl, A. J. On some ^-adic representations of Gal(Q/Q) attached to noncongruence subgroups. Bull. London Math. 

Soc. 38 (2006), no. 4, 561-567. 

[S94] Serre, J-P. Proprictcs conjecturales des groupes do Galois motiviques et des representations <?-adiqucs. In Motives 
(Seattle, WA, 1991), 377-400. Proc. Sympos. Pure Math., 55, Part 1, Amer. Math. Soc, Providence, RI, 1994. 

[S92] Serre, J-P. Topics in Galois theory. Lecture notes prepared by Henri Darmon. Research Notes in Mathematics, 1. Jones 
and Bartlett Publishers, Boston, MA, 1992. 

[S85] Springer, T.A. Some results on algebraic groups with involutions. In Algebraic groups and related topics (Kyoto/Nagoya, 
1983), 525-543, Adv. Stud. Pure Math., 6, North-Holland, Amsterdam, 1985. 

[T85] Terasoma, T. Complete intersections with middle Picard number 1 defined over Q. Math. Z. 189 (1985), no. 2, 289-296. 

[Yll] Yun, Z. Global Springer theory. Advances in Math. 228 (2011), 266-328. 

Department of Mathematics, MIT, 77 Massachusetts Avenue, 2-173, Cambridge, MA 02139 
E-mail address: zyunamath.mit.edu 



